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1. Cluster tilting objects



k perfect ground field
T small Hom-finite triangulated category with split idempotents

=> Krull-Schmidt
CEJ an object

<c) J smallest thick subcategory containing <

add (c) CJ smallest full subcategory closed under

direct sums and summands containing [

ceJ is basic if C = X ,
0 ... Xn indecomposables X:#X; for itj

ceJ is d-cluster tilting , for somed1 , if it is basic and

add(c) = (x (5)5(X , ([i]) =0 Hocid)
=(xe5/5(c ,X[i]) =0 Hocicdy => () = J

and it is periodic ifC =CId]



d = 1 CeJ is I-cluster tilting iff it is basic and J: add (c
↑ ↑

Periodicity is automatic . additively finite basic additive generator
unique up to =

A DGA

DIA) derived category of right A-modules
W

D'(A) = <AL compact objects

A is(periodic)d-cluster tilting if D'A) is Hom-finite and AED'(A) is

(periodic)d-cluster tilting .

GoAL understand these DGAs



J is algebraic if J =D'IA) for some DGA A called enhancement

any , eJ has a derived endomorphism DGA RREnd(c) with

H"RREnd(c) = J(c
,<in3) , neI ,

HORREnd(c) = End(c) .

Example if J is algebraic and ceJ is (periodiad-cluster tilting
=> the endomorphism DGA A : = REnd(c) of cis <periodicd-custer

tilting and D'IA) = J.



Examples (geometry(
T = CM(R) stable category of maximal Cohen - Macaulay modules

over a Cohen-Macaulay ring R

T = [M(R) = DP (modR) / <R) =:DSing (R) derived category of singularities

1 Tis additively finite if Speck is a simple hypersurface singularity/I

[Buchweitz-Grevel-Schreyer'87] d = 1 e.g. R =CITX,ys)/(x2-ys) cusp

2. Speck isolated compound DuVal singularity with a crepant resolution/K

& minimalmodels X-Speck]-E &ce5 periodic 2-custer tiltinge

Twemyss18] e .g . R=Elu ,V ,X ,y3] /(au +X" -xy3) Reid's pagoda



Examples (algebral [Keller'08
,
Amiot'og

,
Guo'11)

2(r) := D (M/2M/dimH*M >N3 cluster category
↑ periodic d-cluster tilting for :

1. T = /Ma+ 1 (A) derived (d+1)-preprojective DGA of

Ad-representation finite f .d . algebra (gldim A = d)

HOT) = MatilA) (d+1)-preprojective algebra

[Iyama-Oppermann' 13]

2. N = NQ
,
WI completed Ginzburg DGA of a quiver Q withpotential W

with self-injective completed Jacobian algebra J(Q ,
W) =HM) d=2

[Keller-Yang'11 , Herschend-Izama 11]



2. Structure theorem for periodic cluster 
tilting DGAs



Theorem [Jasso-M'23) There is a bijection between :

1. A periodicd-cluster tilting DGA uptoquasi-isomorphism A
-

2. (N
,
1) where :

9 N self-injective f .d . basic algebra

b) I invertible A-bimodulewith El in mad(X) CHA
,
EIA)

up to isomorphism of (algebra , bimodule) pairs



↑ basic algebra

Pic(N) : = [invertible /-bimodules E

Out (1) : = Art (N/ Inn(N) Inn(N) = im[XX cons Aut (N))

Out (1) EPicIN : 0 I
,No twisted bimodule so (X ,1) in 2 . is

equivalent to (x ,2)
A periodic d-cluster tilting

f
A < A &*

1 = HA = DYA)(A
,Al c= #Ex HidA = DYA)(ATdS ,AlE ,DYA) (A ,Al=No

Ald)p(f)Ald]

↑ self-injective , it is twisted (d+2)-periodic if =No inmod

Lemma A connected non-separable twisted (d+2)-periodic

=>=No in mod / so weOut(N) is unique

Lemma 1 separable => M No inMod =0 se Out (N



3. (d+2)-angulated categories



[Geiss-Keller-Oppermann ' 13)

* (d+2) - angulated category is an additive category ( equipped with [ :2 -2

and a class of diagrams called (d+z)-angles
*
-
> X

2
+ Xz+ .. - > Xa+1 + Xa+ - [X,

satisfying :

* X -+ X+ 0 + ... + 0 + 0 + IX

7...

*
*EXz+ Xz+ ... Xa +1 - Xa+ +> IX-

X +X= ->Xz+ ... -> Xd+1+Xd+2+ 2X,
---8 5... ↓ big

Y-> Y-> yz+ .. -+ ya+1 + Ya+z + zY-

+ analogues of rotation and octahedral axioms d= 1 = triangulated



Example TGeiss-Keller-Oppermann 13]

2 = add (c)CJ with ceJ periodic d-cluster tilting , [ = [d]

a (d+2)-angle in C is

X2 ↳X3 -
Xa+1

# ↓ exact triangles inI = 2
exact ↓ exact J exact I

X X XS [ X Ya+2
- +1 2.5 +13.5

#
d.5 +1

+d

1 : = End(c) + add(c = proj1 -> 1 self-injective

Theorem Basso-M'23) ceJ periodic d-cluster tilting # C= add (c)
,

[= [d] and the previous (d+z)-angles form a (d+2) - angulated category.



Example[Lin' 19) after [Amiot'07] ford=

A f .d . basic self-injective algebra
i

1Ag Patz+... +P+PEX (d+2)- extension of N-bimodules

Eproj Xe twisted (d+2)-periodic

e =projX" = - r

(d+2) -angles M (P1+Part>P+P) MemodA

PR

Theorem [Jasso-M'23] These (d+z)-angles can be defined for

↑Ng Pa+z +... +P+ P+ 1 . They yielda (d+2) -angulated category
Eproj Xe El Pa+z Eproj Xe



4. A-infinity algebras



Ad-algebras

DG algebras minimal Ad-algebras



An Ax-algebra is a graded vector space B equipped with operations

mn : Bo ."B +B
, , 1,

of degree 2-n such that :
2 Imp) ..., mq , ... ) = 0 Hn31

1. m
,
is a differential , m = 0 p+q= n+ 1

2. m, satisfies the Leibniz rule w .r.t . The binary product m2

3. M2 is associative up to the cochain homotopy me

:...

DGA +Mu = 0 H m,3

minimal #t m, =o
-> B is a graded associative algebra with product m2
-> Mne Chi2-n(B ,B) is a Hochschild cochain , n33
4 .
-> Mz isa Hochschild cocycle + [mz) CHH3" " (B

,
B)

IBaues-Dreckmann'89
, Benson-Krause-Schwede'04 ...)

Universal Massey product



Minimal model of a DGA A
. Underlying graded algebra H

*
A

.
Choose :

B = H*AA
with i cocycle selection graded rector spacemorphism , pi = id* retraction,
h : ip = idx cochain homotopy + side conditions. Define the higher operations :

ab b 2

i
8

i C
I

a i
.
i

Mz(a , b , c) = h . i i
-
N

P P

↑ (h(i(a) . i(b1) .i(c)) plica . hilbli(d))

Mu = Sum indexed by planar binary trees with nleaves, n33.



A periodic d-cluster tiltingDGH-> H
*
A concentrated indegreesd

->mn = o in the minimal model for n33 unless d) (n-2)

-> Ma+2
Cd+2,-d(H*A

,
H
*A) Hochschild cocycle

-> <ma+23 HHd+2,-E (H*A
,
H
*

A) universal Massey product of lengthd+2

j j : HOAH*A
V

j* (Ma+23 CHHdt2- HA ,
H
*Al restricted universalMasseyproduct of lengthde

HHd+2(HOA
,
H-dA)

II N =+ A H
*
A

.NoHHd+(X
,,No

Extat, No
A = Aldi] X(t=1)

* Actually H*A=
,Nr-i = (Xt -tr(x))xen

= N(5
,d) It) = -d

di ed2



5. Recognition theorem for periodic cluster 
tilting DGAs



Theorem [Jasso-M'23] TFAE for ADGA
1. A is a periodic d-cluster tilting DGA

2. The following properties hold :

9 N : = HA is a self-injective f .d . basic algebra

3) H*A is concentrated in d2

c H
*
AEH

*AId] as H
*A-modules (+ H

-dA =
1No)

a) j* [ma+23e Extr(X ,,Xr) is represented
by an extension , 12 4Patz+... +P+ P= N

Eproj Xe

Moreover
, if they hold then the [Geiss-Keller-Oppermann'137 (d+2)-angulated

structure on projX = add(A) cD'(A) coincides with [Lin19]'s



self-injective
~

1) j* [Ma+23 E HH
** (HA

,
H
*A)
,
Hochschild-Tate

cohomology , is a bidegree (d+2 ,-d) unit.

j* [Ma+23 = 0 E) =HA separable= A is almost never formal

Example R compound DrVal singularity/C
A =REnd(c) for ce((R) periodic 2-cluster tilting

↑ formal E REKITu ,v ,X ,y))/luv-xy) Atiyah flop



6. Bimodule Calabi-Yau periodic cluster 
tilting DGAs



A graded algebra or DGA

DA dual A-bimodule A" = Homp(A ,k
A is bimodule n-Calabiyau if AInDA in DIAP

If B is a bimodule n-Calabiyau graded algebra
=> HH**(B ,B) is a Batalin-Vilkovisky algebra

i. e . graded commutative + HH
**(B

,
B)& A differential operator

of bidegree (-1 ,0) and order <2

Theorem [Jasso-M) A periodic d-cluster tilting DGA .
TFAE :

1. A isd-Calabi-Yau

2. H*A isd-Calabi-Yau and A((Ma+z]) = 0



7. Some open questions



· basic

· connected
N f .d. algebra which is

· non-separable

· twisted (d+2)-periodic

Find explicitly:

1
. A periodicd-cluster tilting DGA with HOA=N

2. (N5
,
d)
, Matz , Madez , ..., Mndtz1 ... ) minimal model of A (Ag-algebral

3. Down-to-earth description of J = D" (A)

4. G-BCY structure on A or (No,d) , [Mndtzn1) when N15,d) is d-BCY
and X(dMa+23) = 0-

5

. Does this equation always hold? Proof or counterexample
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