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K petfect gsound Qield

T seall Hom-finite Tlianquiated coteqoly with split Hewmpstents

De X oA oL'sec'\' = Kool - Shmaat
(e ¢ T smallest thick sub cateqoly confarining <

add (e) €T snalest Lull sdbasteg oty clesed undes

Aded sume and Sumnanos CQN\dm‘ma (o

ceT s basic i ¢=%,® - ® X, indecompesoties KX Lot ixy
ceJ s d-cluder '\"\\‘\"ma, £or some dzA, t% i+ s bacic and
add (@) ={xeT| T(xct) =o ¥ ccied}
= {xeS\ T (e, xI)) =0 ¥ ocicd} =D > =)
ond W 'S pesicdie g@ Cc2cld)



d=4 ceT is 1-custertilting £ itis basic and T:add (%\
]
Pesiodicity is autowmatic. cddifrively, Lintte  basic additive gprevator
unigue
A DeA
D(A\ Aevt'wzé Qd\eaofa 4 \Y‘\%‘l\* A-Moéu‘es

v
De(A) = (A> CDM?“'\' oL:)ee\s

A s (peficdid) 3 -clucres -\-'\\‘waa v DC(A) is Hom - inite and A € DE(A) S
(Pefiodid d-cluder 'F\\‘\’ma :

GoalL uwndesstand these DEAS



J is daghraic & T =D (A) £o¢ some DGA A aalled (enhancement
any ceT hos o derived esdomorphism DEA REnd(c) with

H'REn () = T(c,ctm), neZ,
H'REnd(e) = Endle).

Exawple f T ¢ aAge\:rcﬁc and ceT s (Pericdic) d-clucter tilting
= the endomosghicm DGA A:= REn(C) of cis (peficdic) d-clucter
Hilting ans D'(AY =T,



Em\:\es (@eometry)
T = R) stoble ategomy of maximal Cohen - Maccu\a‘a modules
oves a Cohen - Maco\u\aa fina R

T = ANR) = D°(mad R) [(RY = DB (R) derived astegoty o Singolarities

1. T8 additively finte £ SpecR s o simge hypersurfoce singularity IC
a=1

2. Sgec R isclated compound Du bl singularity with a cepant etolution /C
{ Minimal models X —>Spec®Y, = {ce T pedicdic 2- dwster tilving}



Exanples (C\gebia)
C(CY =DM [ {M\dim H*M <o} eluster co:\‘e%orb
W
[ peficdic d- Audter tilting Loc:
A, UP=Ng A desived (d+4) -pleprgyective DEA of
A d-Cepcesantotion Linite £ olgehra (gl dim A-4d)
Ho(P) = ﬂA“U\\ (€ 4\'94'2?1‘6626‘ e c&aebm

2. 0=00Q,W) completed Guniborg DeA of a gquiver Q with patenrtial W
with Solf- injective completed Jacchian algebsa QW) = WM d-=2



2. Structure theorem for periodic cluster
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Theotem Thete S a bi\‘,ect'\ovx between -

{. A pesicdic d-clostec tilting DEA A
2- (N, T) where:
a) A se\f-injective £.3- basic algebro

S42

b) T invertible Abimodule with Q™ (AY 2 T in med (A7) (H°A,H‘°‘A\



N basic algebra

Pic (A):= {invertible A-bimodoles

Out (A) == Aot (N /Twn (A Twa(A) = im[ N =220 Aot ()]
Out (A = Pic(N): § » \Ag twisted bimodule

A pericdic A - cluster tilting :

A—A o™
A= A =D (A (A,A)\ DS 1 #* J'o( W= DAATS), AY‘ DV (AR Ng
A[A](—b’A(A]

A-vz

N self -injective , it is twisted (d+2)-periodic g S e A= Mg in mod N
Lemma A conmected non-sepasable twisted tAn\-Peﬁo&ic
= e Az, ¢ in md N

442

Lemmo. N sepotoble =5 S0 e A= Ag in M N =0 ¥ se Out (A
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A (Q42)-angdoted a:d'eao»ﬁa \S an odditive Chr\'eaoﬁé C equippd With 2:C =t

and o, dass of diagrame alled (ed)-angles

X Ky = Xy = = Ky = Ky, — 1K,

R Y S N Y P o

+ amoslogoes o£_ tctohion and ectaheliol oxioms

d=4 = -N‘iqmgub'('ec\.



Example
C=acdMde)cT with ce T peficdic d- dister tilting, T = 131
a (A*z\—ov\a\e mC is

............................................. X
A A
d exack teionales in T
A‘m.d:\ /g,;o.d-\ Bt exact \
X & — T ;5 R xdes = XA-\-L

\ ;é /

N:=End(c) = 0dd(c) ~proy A = A self -injective

Theotem ceT pericdic A -cluster tilting & CT:=0dd (),
T =04 ond the previous @) -angles {otm a (d12) - ongulated asteaony..



E xample after focd=4
A £.4.Losic celf ~ingctive clgebia
‘/\G l’ﬂﬂ-’ T-=2E P A @+2)-extension @ N-bimodules
€PN N «— twisted @)-pericdic
C = ploy A T'=—-® A

A VNS

(d42) ~angles ne (P,%,/\s—"P — =P =PF) NemodA

A2

Theorew These (A42) -~awngles can be dedina 2er
‘/\G S “’P,_—’ P . They %\Q\Ao\(én\-aaau\o.{-ed m&eao{ca
€ play N

@ FA'\“L é?fO() Ae



4. A-infinity algebras

M
~ UNIVERSIDAD
z@ b SEVILLA

1505






An A, -dgebra is a geaded vector space B equipped with opafotions

My 8@ ®R —B , w1,
of degree 2-n such that:
L. M, is adidfecentiol , My =0
2. M, sotislies the Leibnid Cule w.c.t. the binary produet mq

2. M, 1S acsocictve Up to the cockain \'\omo‘\b% Wy

DGA ©@ m, =0\ n2%3
wminimal & M=o — B isa graded associative olxebra with product w,
- M, € cnes (B,B) is o Hochschild cochoin , n>3

L My i a Hochschild aocycle — (mgt €HH® ™ (@ B)
wniversal HMoscey product



Minimal model a_{ a. DGA A. UnMeskying qloded olaebfa H*A. Choose:

B= H*Aé:’ ADh
Wi { cocydle salection gyadal vector sgoce MaorphiSm,  Pu=idyx, ®Hraction
h:ip=ld, codoin Wopé + sde coditions . Deline the higher operations .

e b b c
N/ e + o N/
M.-_,,(u.b,c) - N i \/u
pl pl
pLRLita) - itby)-1Le)) pliteys (ol ile)y)

Mo = Sumt indered by planor birafy trees with n leaves, n33.



A peficdic d-cduster titting DGA — H*A concentioted in degrees 4% €
= WM, =0 nthe minimol mdel dor nz2 unless 4\ (n-2)
A-\-‘L,

— MA‘\"L 6 (H*A HA\ \'\m}\‘c\‘“\é CQC&C\-Q
= (g € A7 (R HA)  Universol Massey product of lewgth 442

»* J: A WA

¥ lmy,,\ € \-\\—\A“;l' * (WA .u“A\ vestricted unersel Massey ploduct of lemyth daz

HEE (0 1 A) I ol
\,“,\A*‘l'(l\ ,\ \ ,\:‘.\ A H A —3 AAS
' A

E +‘*“(A M)
AN
- = = I\(G;&) h"’d
@® Actoally H* A&?A?L Ne Oht —ts Yk A \



5. Recognition theorem for periodic cluster

tilting DGAs
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Theolem TFAE Lor A D6GA

1. Ais a pericdic d-cluster tilting DGA

2. The Rollowing properties hold:
a) N:= KA is a self-injective £.4. bosic olaebea
b) H*A is concentiated in dZ
c) W A = W*ALd] as WA-modules (— WA =,N\g)
d) (\* imy,,Y € Ex’c:en (N, N¢g) is (epfesented

\o% an\ extension ‘/\G S "'_’Pz—’Pa = N\
€ pegy N°

Noteover, if they Wold then the d+2)-anguladad

/

sttuctute on proj N = add(A) cD(A) Coincides with S.



d)) @ P*img,,d € HHYT (WA R*A), Hochschild-Tate
co\moMo\oag) S a 'o'\de%cee. (Q+2,-4) wnit.

Exampe R compound DuVal cingulasity |C
A=REn e} Lor ce CN(R) pesicdic 2- cluster tiltine
Afotmal © R=CIluN,x 3N/ (W -%x4) Ativah dlop



6. Bimodule Calabi-Yau periodic cluster

tilting DGAs
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A groded algebra of DGA
DA duad A-bimedole A’ = Hom, (A™*, k)
A s bimodvle n-Calabi—Yau 2 Atnl = DA in D(A%)

1% B s a bimedvle n- Calobi—Yau groded algebra

= HH**(B®) is a Batolin— \ilkovisky algebra

\.e. afaded commutative + R *BBY D A differentiol opemter
o b\de%\'ee. (-1,0) and orderc < 2

Theovem A perivdic d -cluster +ilking DGA . TFAE:
A. As d - Colobi—Yau
2. H*A 6 d - Calobi—Yau and AL{MA-&:\\ =0



7. Some open questions
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r .
¢ basic

+ connected
N {.d. algebro whichis <
non- <epaiable

Twicted d+1)- periedic

Find explicitlu:
L. A pericdic d- cluster tilting DG A with HWA-A
- (Asd), MNair s Moz y oy Mg ...) minimal model of A (I-\,,;aS%c\nfa)
2. Down-to-earth description of T=0°(A)
4. 8-BCY stcuckure on A or (Alsd), {MMn';M‘\ when Alsd) is -BCY
o Alimy, 1Y) =0>
5. Does t+his equetion”always held? Prosf of coonterexample
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