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The stable homotopy category

@ lItis a symmetric monoidal triangulated category S whose objects
are called spectra.
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The stable homotopy category

@ lItis a symmetric monoidal triangulated category S whose objects
are called spectra.

@ It maps onto the category of cohomology theories for finite
CW-complexes.

@ Monoids in S yield multiplicative cohomology theories.
@ S = HoM for many stable model categories M.

@ There are symmetric monoidal models M. This reflects the
existence of higher operations on multiplicative cohomology
theories.

@ Aring spectrum is a monoid in M.

@ The homotopy groups of a spectrum E are the cohomology of the
point m.(E) = E*(pt.), and E is connective if 7,(E) = 0 for n < 0.
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Symmetric monoidal categories and stable homotopy

Sym. mon. cat. B Spectra
May, Segal, Thomason
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Symmetric monoidal categories and stable homotopy

Sym. mon. cat. 5 Spectra
May, Segal, Thomason

Example
@ B(finite sets, bijections, [[) = S the sphere spectrum.

@ For R aring, B(f. g. free left R-mod., iso., ®) = K(R) the
K -theory spectrum of R.
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Symmetric monoidal categories and stable homotopy

(Picard groupoids)

J

Sym. mon. cat. B Spectra
May, Segal, Thomason
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Symmetric monoidal categories and stable homotopy

honest
equiv.

(Picard groupoids)

J

Sym. mon. cat. B Spectra
May, Segal, Thomason
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Symmetric monoidal categories and stable homotopy

(Picard groupoids)

spectra with
7n = 0forn#0,1

N
N

Sym. mon. cat. B Spectra
May, Segal, Thomason
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Symmetric monoidal categories and stable homotopy

(Picard groupoids)
Fund. Picard grd.
J 7n = 0forn#0,1 N
N

Sym. mon. cat. B Spectra
May, Segal, Thomason
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Symmetric monoidal categories and stable homotopy

Picard groupoids
Fund. Picard grd.

J \

B
Sym. mon. cat.) ——— (Spectra

spectra with
7p=0forn 0,1
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Symmetric monoidal categories and stable homotopy

Picard groupoids
Fund. Picard grd.

J \

B
Sym. mon. cat.) ——— (Spectra

spectra with
7p=0forn 0,1

Ring categories B Ring spectra
Elmendorf-Mandell'06
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Symmetric monoidal categories and stable homotopy

Picard groupoids
Fund. Picard grd.

J \

B
Sym. mon. cat.) ——— (Spectra

spectra with
7p=0forn 0,1

Ring categories B Ring spectra
Elmendorf-Mandell'06

Example
@ B(finite sets, bijections, [, x) = S as a ring spectrum.
@ For R commutative, B(f. g. free R-mod., iso., &, ®g) = K(R).
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Symmetric monoidal categories and stable homotopy

Picard groupoids
Fund. Picard grd.
7w =0forn+#0,1 \

B
Sym. mon. cat.) ——— (Spectra

Jibladze—Pirashvili'06
Quang’08

@ategorical ring@

J

Ring categories B Ring spectra
Elmendorf-Mandell'06
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Symmetric monoidal categories and stable homotopy

Picard groupoids
Fund. Picard grd.
7w =0forn+#0,1 \

B
Sym. mon. cat.) ——— (Spectra

honest Jibladze—Pirashvili'06
equiv. x Quang'08

@ategorical ring@

J

Ring categories B Ring spectra
Elmendorf-Mandell'06
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Symmetric monoidal categories and stable homotopy

P|card group0|ds
Fund. Picard grd.
wl
=0forn#0,1

(Sym. mon. cat.) — Spectra
May, Segal Thomason

Jibladze—Pirashvili'06
Quang’08

@ategorical ring@

J/ 1-types

Ring categories B Ring spectra
Elmendorf-Mandell'06
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Symmetric monoidal categories and stable homotopy

Picard groupoids
Fund. Picard grd.
J wl
7w =0forn+#0,1 \

B
Sym. mon. cat.) ——— (Spectra

Jibladze—Pirashvili'06
Quang’08

(Categorical rings) <—————

Ring categories B Ring spectra
Elmendorf-Mandell'06
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How shall we do it?
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@ Define a symmetric monoidal ‘replacement’ for the 2-category of
Picard groupoids.
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How shall we do it?

@ Define a symmetric monoidal ‘replacement’ for the 2-category of
Picard groupoids.

© Construct a ‘lax symmetric monoidal’ 2-functor

put here the ‘replacement’
0,

Spectra (Picard groupoids)
fundamental Picard groupoid

and more generally, n > 0,

put here the ‘replacement’

ﬂ-n** . .
Spectra (Picard groupoids)
secondary homotopy groups
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How shall we do it?

@ Define a symmetric monoidal ‘replacement’ for the 2-category of
Picard groupoids.

© Construct a ‘lax symmetric monoidal’ 2-functor

put here the ‘replacement’
0,

Spectra (Picard groupoids)
fundamental Picard groupoid

and more generally, n > 0,

put here the ‘replacement’
Tn,*

Spectra : (Picard groupoids)
secondary homotopy groups

@ Do it first unstably!
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All-strict Picard groupoids

A Picard groupoid is strict if ® is strictly associative and unital. It is
all-strict if ® is also strictly commutative.

Any Picard groupoid P can be strictified but not all-strictified.
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All-strict Picard groupoids

A Picard groupoid is strict if ® is strictly associative and unital. It is
all-strict if ® is also strictly commutative.

Any Picard groupoid P can be strictified but not all-strictified.

Proposition
The following are equivalent:
@ P can be all-strictified.
@ B(P) has trivial Postnikov invariants.
@ The stable Hopf map n € m1(S) = Z/2 acts trivially on wo(B(P)),

0 = mo(B(P))-n C m(B(P)).
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All-strict Picard groupoids

A Picard groupoid is strict if ® is strictly associative and unital. It is
all-strict if ® is also strictly commutative.

Any Picard groupoid P can be strictified but not all-strictified.
Proposition
The following are equivalent:

@ P can be all-strictified.

@ B(P) has trivial Postnikov invariants.
@ The stable Hopf map n € m1(S) = Z/2 acts trivially on wo(B(P)),

0 = mo(B(P))-n C m(B(P)).

Example

The Picard groupoid Pic(X) of line bundles over a scheme X can be
all-strictified.
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All-strict Picard groupoids

1

[ All-strict h

abelian group
Picard groupoids/ homomorphisms

P {X > 1} 2% ObP
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All-strict Picard groupoids

/» sym. mon.!
All-strict h = abelian group
Picard groupoids/ homomorphisms
P X -1} 25 0bP
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All-strict Picard groupoids

/» sym. mon.!
All-strict h = abelian group
Picard groupoids/ homomorphisms
P X -1} 25 0bP
A4 B
aAl ® las
Av B
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All-strict Picard groupoids

/» sym. mon.!
All-strict h = abelian group
Picard groupoids/ homomorphisms
P X -1} 25 0bP
Aq B, A ® By %A1®B@
BA\L ® lag = 8A®1J(
Av B Ag ® By 041

x !
1205 Ay @ By

Fernando Muro Categorical groups in brave new algebra



All-strict Picard groupoids

/» sym. mon.!
All-strict h = abelian group
Picard groupoids/ homomorphisms
P {X -1} % ObP
Aq B, A ® By %A1®B@
aAl ® las = 8A®1J, push l
Ao Bo Ao & B1 4)(/4 & B)1 041

N
100p Ao @ By
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Crossed bimodules

A monoid in this category is a crossed bimodule C,,

C1 bimod. hom. CO

Cp-bimod. ring

satisfying
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Crossed bimodules

A monoid in this category is a crossed bimodule C,,

C 9 Co hoC. — 0

bimod. hom.
Cp-bimod. ring ring

satisfying
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Crossed bimodules

A monoid in this category is a crossed bimodule C,,

0——hC. C 9 Co hoC.—0

bimod. hom.
hg C-bimod. Cp-bimod. ring ring

satisfying
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Crossed bimodules

A monoid in this category is a crossed bimodule C,,

0——hC. C 9 Co hoC.—0

bimod. hom.
hg C-bimod. Cp-bimod. ring ring

satisfying

Theorem (Baues-Pirashvili’'06)
For R a ring and M an R-bimodule,

SH3(R, M), Shukla cohomology,

classifies crossed bimodules C, with hyC, = R and h;C, = M.
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Crossed bimodules

A monoid in this category is a crossed bimodule C,,

0——hC. C 9 Co hoC.—0

bimod. hom.
hg C-bimod. Cp-bimod. ring ring

satisfying

Theorem (Baues-Pirashvili’'06)
For R a ring and M an R-bimodule,

SH3(R, M), Shukla cohomology,

classifies crossed bimodules C, with hyC, = R and h;C, = M.

One can similarly consider graded crossed bimodules.
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The all-strict ‘m, .’

Theorem (Baues-M'06)
There are 2-functors, n > 0,

S N (Abelian group hom.)

Tt X)L (X) <2 Fno(X) = mn(X) — 0.
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The all-strict ‘m, .’

Theorem (Baues-M'06)
There are 2-functors, n > 0,

S N (Abelian group hom.)

Tt X)L (X) <2 Fno(X) = mn(X) — 0.

They extend (up to natural quasi-iso.) to a 2-functor

Ring spectra) ——** (Graded crossed bim.)

”’E;’;) [1] = #,.1(R) % #,0(R) — m(R) — 0.

0—
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The all-strict ‘m, .’

The functors 7, . are good enough for spectra X neglecting the Hopf
map, i.e. such that 7.(X) - n = 0.
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The all-strict ‘m, .’

The functors 7, . are good enough for spectra X neglecting the Hopf
map, i.e. such that 7.(X) - n = 0.

Remark
If R is a ring spectrum neglecting n,

{70.(R)} € SH3(moR, mR) C THH*(moR, m1R)

can be identified with the 1st Postnikov invariant of R.
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Massey products

0—h,C, 0 —2— G, hyC. — 0

X’y7z

xy=0
yz=0
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Massey products

00— C,—— C —2— Gy hoC. — 0
X,y,.z2 +— XY,z
Xy xy=0
— yz=0
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Massey products

00— C,—— C —2— Gy hoC. — 0
X,y,Z X,y,z2
a — Xy — xy=0
— — yz=0
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Massey products

00— C,—— C —2— Gy hoC. — 0
—az+xb X, y,Z2 X,y,z2
€ (x,y,2) a — Xy xy=0
Massey product b — — yz=0
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Massey products

00— C,—— C —2— Gy hoC. — 0
—az+xb X, y,Z2 X,y,Z
€ (x,y,2) a — Xy xy=0
Massey product b — — yz=0

For R a ring spectrum neglecting n and C. = 7, (R) if we have
x,y,z € m(R) then

(x,y,z) C 7T|x\+|y\+|z\+1(R)

is the Toda bracket.
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The all-strict ‘m, .’

Example

The ring spectrum HF> A HF»> neglects the Hopf map, and
7««(HF2 A HF2) is (quasi-iso. to) the dual secondary Steenrod algebra.

The secondary Steenrod algebra B is a graded crossed bimodule

0 A[-1]— B -5 By — A —0,

Steenrod algebra

actually a 2-Hopf algebra, computed by Baues’'06. The cohomology of
B leads to a direct computation of Ez of Adams SS [Baues-Jibladze’06].
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The commutative case

A commutative crossed bimodule C,,

0
——— C
C1 module hom. 0
Cp-mod. comm. ring
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The commutative case

A commutative crossed bimodule C,,

0
——— C
C1 module hom. 0
Cp-mod. comm. ring

They are not enough! We need graded shc crossed bimodules,

C* 1 C*,O

—_———
» ' graded crossed bim.

—1: Cio® G0 — Gyt
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The commutative case

A commutative crossed bimodule C,,

0
——— C
C1 module hom. 0
Cp-mod. comm. ring

They are not enough! We need graded shc crossed bimodules,

C* 1 C*,O

—_———
» ' graded crossed bim.

—1: Cio® G0 — Gyt

d(co —1¢h) = coch—(—1)%l%lccy,
0(c1) —1 6 = crco—(—1)llgey,
0 = Co ~—1 06 + (—1)|COHC(I)ICO ~—q Cé)7
(cocp) —1¢5 = (—N)lal%l(cy—1 cf)ch+ colch —1 ).
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The commutative case

A commutative crossed bimodule C,,

0
——— C
C1 module hom. 0
Cp-mod. comm. ring

They are not enough! We need graded shc crossed bimodules,

C*,1 o C*,o hoC* —0

graded crossed bim.
graded comm. ring

—1: Co® G0 — Gyt

d(co —1¢h) = coch—(—1)%l%lccy,
0(c1) —1 6 = crco—(—1)llgey,
0 = Co ~—1 06 + (—1)|COHC(I)ICO ~—q Cé)7
(cocp) —1¢5 = (—N)lal%l(cy—1 cf)ch+ colch —1 ).
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The commutative case

A commutative crossed bimodule C,,

0
—— G
C1 module hom. 0
Cp-mod. comm. ring

They are not enough! We need graded shc crossed bimodules,

0—hyC. Coq—"Y C.o hoC. — 0

» ' graded crossed bim.
graded hg C,.-mod. graded comm. ring

—1: Cio® G0 — Gyt

d(co —1¢h) = coch—(—1)%l%lccy,
0(c1) —1 6 = crco—(—1)llgey,
0 = Co ~—1 06 + (—1)|COHC(I)ICO ~—q Cé)7
(cocp) —1¢5 = (—N)lal%l(cy—1 cf)ch+ colch —1 ).
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The commutative case

Theorem (Baues-M’06)
The 2-functor 7 . above extends (up to natural quasi-iso.) to a
2-functor

@omm. ring spect@ —™* . (Graded shc crossed bim,)

7«(R)
()
—1: 7eo(R) ® 7,0(R) — 71(R).

0— [1] = #.1(R) -5 7, 0(R) = m(R) — 0,
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A commutative example

For the 3-local sphere commutative ring spectrum Ss),

n 0

2 3

6

9 10 11 12 13
1 o oo 51 ajy ai-f1
T | L) 0 Z/3 0 Z/3 0 Z/3 % 0 Z/3
‘ 2102 y )
T | L) 9 L) Z(s) L) Zs) by Zs) Zz) ’
z2,
T T 3/[ (17‘\0) ‘{ (1T0) & QT (1T0)
: )
0 (\Z/ﬂg Ly | zgmez/3 | Loy | Ze@ /3 T Ly | Za® Z/3
o a; a1 2 ayay Pl Z‘?g) ® Z/9 al a2a;  «1llby
aja» = 3a ,2+Xa'3[1],
ajay = 3a2+(x—3)ag[1], 1 0 0 O
ai—14ay 251 s 8 01 0 O
a—1a@& = aipt+a, 0 0 3 0

where x € Z/9 is an unknown constant!
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Don’t neglect n!

stable quadratic =~ . .
[ Todules ] (Picard groupoids)
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Don’t neglect n!

stable quadratic =~ . .
[ Todules ] (Picard groupoids)

Ceb @ CgP

<7>\L

C1 TCO
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Don’t neglect n!

[stable quadratlc] ~ @icard groupoid@

modules

Ceb @ CgP

0
8<007 C(/)> [C(l)v CO]
(0(cr),0(cy)) = lef, el
<007 C(/)> = _<CE)7 CO>
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Don’t neglect n!

stable quadratic =~ . .
[ Todules ] (Picard groupoids)
cav @ Cgb PC.
< )J Object set: Cy
. o,
Ci—5— Co Maps: ¢y + 9(c1) Co
® = +
8<007 C(/)> [C(l)v CO] , (co,¢) ,
(0(cr),0(cy)) = lef, el CotC — CotCo
<007 C(/)> = _<CE)7 CO>
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Don’t neglect n!

not symmetric monoidal

stable quadratic =~ . .
[ Todules ] (Picard groupoids)
cav @ Cgb PC.
< )J Object set: Cy
. o,
Ci—5— Co Maps: ¢y + 9(c1) Co
® = +
8<007 C(/)> [C(l)v CO] , (co,¢) ,
(0(cr),0(cy)) = lef, el CotC — CotCo
<007 C(/)> = _<CE)7 CO>
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Don’t neglect n!

symmetric monoidal!

quadratic pair
modules
cab @ Cgb PC.

< { N Object set: Cy

: o,
Ci—5— Co Maps: ¢y + 9(cy) Co

12

(Picard groupoids)

© = +
8<007 C(/)> = [C(l)v CO] , <CO»C(I)> ,
(0(cr),0(cy)) = lef, el Cot+C — G+ Co
<007 C(/)> = _<CE)7 CO>
Hico+ o) = H(co)+ H(ch) + 6 co
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Don’t neglect n!

symmetric monoidal!  Baues-M'06, Baues-Jibladze-Pirashvili'08

quadratic pair >~ . .
(Picard groupoids)
cab  Cab PC.
< )l N Object set: Cy
: | o
Ci—5— Co Maps: ¢y + 9(cy) Co

® = +
8<Co,06> = [C('),Co] , (co.cp)
(en.oc))) — [¢ci Cotch gt oy

<007C(/)> = _<CE)700>
Hio+ ) = Hi(co)+H(ch)+ch e cy
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Don’t neglect n!

symmetric monoidal!  Baues-M'06, Baues-Jibladze-Pirashvili'08

qu;dggﬂfega” = @icard groupoid@

Cab ® Cab PC*

0 0 p .
< )J \ Object set: Cy
: | X

Ci——— Co Maps: ¢ + 9(c1) — co

® = +
d(co, cy) = ¢y, Col L (coch)
@(cr),0(c})) = ¢}, Go+C — CotCo

<007CO> = _<CE)700>
H(co+ch) = H(co)+ H(ch)+ ch® co

We may want to assume that Ker H ¢ Cy — hoC. is surjective.
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The 2-category of stable quadratic modules

A morphism f: C, — D, is a chain morphism with (fy, fo) = f; (-, )
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The 2-category of stable quadratic modules

A morphism f: C, — D, is a chain morphism with (fy, fo) = f; (-, )
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The 2-category of stable quadratic modules

A morphism f: C, — D, is a chain morphism with (fy, fo) = f; (-, )

g1

/N

C1 %D1

|

Co —_— DO
fo

S

90

A track, homotopy or 2-morphism «: f = g is a map such that

da(cy) = —go(co) + (o),
ad(ey) = —gi(cr)+ fi(ar),
alco+¢y) = alc) + a(cy) + (go(ch), da(Co))-
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Quadratic pair modules

Example

Let C.
cgb ® Cgb

<’>l

Cy ———— Co = (E)"

be a stable quadratic module such that Cy = (E)™ is freely generated
by a set E as a group of nilpotency class 2.
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Quadratic pair modules

Example
Let C,

.
N\

N\
Ci————— Co = (E)

cab @ Cgb
H
<~,->l \

be a stable quadratic module such that Cy = (E)™ is freely generated
by a set E as a group of nilpotency class 2.

There exists a unique map H satisfying H(e) = 0 for any e € E which
turns C, into a quadratic pair module.
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Quadratic pair algebras

A quadratic pair algebra is,

®?CEP
H
P= <7>
0
_—
C1 bimod. hom. CO
Co-bimod. monoid

oen)e; = crdl(ch).
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Quadratic pair algebras

A quadratic pair algebra is,

®?CEP
H
P:<7>

Cr—2 G

1 bimod. hom. 0
Co-bimod. monoid

oo, = d(c)),
c(ci+c') = cici+eic/, 0<iji+j<T1,
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Quadratic pair algebras

A quadratic pair algebra is,

®?CEP
H
P= <7>
0
_—
C1 bimod. hom. CO
Co-bimod. monoid

d(cr)c; = ¢10(c),
ci(c/+cf) cici+eic!, 0<iji+j<A,

(co+cy)cy = cocy + chey + OP((co ® cp)H(cy)),
(co+cy)cr = €pci + ¢ycr + P((co @ ¢g)HO(cy)),
(c1+cj)co = cicp+cico+ P((9(cr) @ 9(c)))H(co)),
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Quadratic pair algebras

A quadratic pair algebra is,

®?CEP
H
P:<7>
Ct s o C0
Co-bimod. monoid
d(ci)e; = cr0(cy), o
C,(C//+C/,/) = CiC;+C/C/{/7 OSI,/,I+I< 1
(co+ch)cy = coch+ COC{)’ + 0P((co ® cy)H (C{)’)),

(co + ¢p)cy CoC1 + coc1 + P((co ® ¢p)HO(cq)),
(¢1 +¢f)co C1Co + ¢ co + P((0(cy) ® 9(c}))H(co)),
H(1) 0,

H(cocy) = (co® co)H(cp) + H(co)(cy @ ¢y + HOPH(cp) — 2H(cy)),
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Quadratic pair algebras

A quadratic pair algebra is,

Cr—2 G

bimod. hom.
Co-bimod. monoid

der)e; = @d(c}),
c,-(c/’- + cjf’) c,-c/f —+ c;c/’-’, 0<ij,i+j<A1,
(co+cy)cy = cocy + cocg + 0P((co @ cy)H (c{)’)),
(co + ¢p)cy CoCt + coc1 + P((co @ cg)HO(c1)),
(c1 +¢f)co C1Co + ¢ico + P((9(c1) ® 0(c}))H(¢co)),
H(1) 0,
H(cocy) (co @ co)H(cp) + H(co)(ch ® ¢ + HOPH(c)) — 2H(cp)),
coP(ci)cy = P((co ® co)ei(cy ® ¢y + HOPH(cy) — 2H(cy))).
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Quadratic pair algebras

A quadratic pair algebra is,

®?CEP
H
P:<'7'>
ci—2 ¢ hoC.. — 0
1 bimod. hom. 0 0=
Co-bimod. monoid ring

der)e; = @d(c}),
c,-(c/’- + cjf’) c,-c/f —+ c;c/’-’, 0<ij,i+j<A1,
(co+cy)cy = cocy + cocg + 0P((co @ cy)H (c{)’)),
(co + ¢p)cH CoCt + coc1 + P((co @ cg)HO(¢c1)),
(c1 +¢f)co C1Co + ¢ co + P((9(c1) ® 0(c}))H(¢co)),
H(1) 0,
H(cocy) (co @ co)H(cp) + H(co)(ch ® ¢ + HOPH(cy) — 2H(cp)),
coP(ci)cy = P((co ® co)ei(cy ® ¢y + HOPH(cy) — 2H(cy))).
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Quadratic pair algebras

A quadratic pair algebra is,

®?CEP
H
P= <7>
0
OHh‘I C* C1 bimod. hom. ’ CO ho C* - o
ho Cx«-bimod. Co-bimod. monoid ring

der)e; = @d(c}),
c,-(c/’- + cjf’) c,-c/f —+ c;c/’-’, 0<ij,i+j<A1,
(co+cy)cy = cocy + cocg + 0P((co @ cy)H (c{)’)),
(co + ¢p)cH CoCt + coc1 + P((co @ cg)HO(¢c1)),
(c1 +¢f)co C1Co + ¢ co + P((9(c1) ® 0(c}))H(¢co)),
H(1) 0,
H(cocy) (co @ co)H(cp) + H(co)(ch ® ¢ + HOPH(cy) — 2H(cp)),
coP(ci)cy = P((co ® co)ei(cy ® ¢y + HOPH(cy) — 2H(cy))).
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Quadratic pair algebras

Theorem (Baues-Jibladze-Pirashvili’06)
For R a ring and M an R-bimodule,

THH3(R, M), topological Hochschild cohomology,

classifies quadratic pair algebras C, with hyC, = R and h1C, = M.
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The right 7,

Theorem (Baues-M’06)
There are 2-functors, n > 0,

T (quadratic pair mod.,)

0 — 1 (X) = mn1(X) L mr0(X) — ma(X) — 0.
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The right 7,

Theorem (Baues-M’06)
There are 2-functors, n > 0,

T (quadratic pair mod.,)

0 — 1 (X) = mn1(X) L mr0(X) — ma(X) — 0.

They extend (up to natural quasi-iso.) to a 2-functor

T @raded quadratic pair al@

0 — m(R)1] — 7 1(R) 9, T 0(R) = m(R) — 0.

Fernando Muro Categorical groups in brave new algebra



Quadratic pair algebras

Remark
If R is a ring spectrum,

{m0.(R)} € THH3(moR, m1R)

can be identified with the 1st Postnikov invariant of R.

Fernando Muro Categorical groups in brave new algebra



Quadratic pair algebras

Remark
If R is a ring spectrum,

{m0.(R)} € THH3(moR, m1R)

can be identified with the 1st Postnikov invariant of R.

Example
The quadratic pair algebra g ..(S) is equivalent to

Z
<7>l \H(n)— n(n;“)

Zj2 = 7

which generates THH3(Z,7./2) = 7,/2.

Fernando Muro Categorical groups in brave new algebra



Quadratic pair algebras

Example
If F is a field, the quadratic pair algebra o .(K(F)) is equivalent to

7/
1H—1l (\H(n)z"%”

F* o0’ Z

which is non-trivial in THH®(Z, F*) = »(F*) unless char F = 2.
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Quadratic pair algebras

Example
If F is a field, the quadratic pair algebra o .(K(F)) is equivalent to

Z
1H_1J (\H(”)Zn(nz”

F* < Z

which is non-trivial in THH®(Z, F*) = »(F*) unless char F = 2.

Example

Let C be a monoidal exact or Waldhausen category, mq .(K(C)) in the
next talk!
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Tn.« fOr spaces

Let X be a pointed space, n > 2,

®27Tn,0(X)ab
H
<T>l \

) 7Tn,O(X)
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Tn.« fOr spaces

Let X be a pointed space, n > 2,

®27Tn,0(X)ab
H
<T>l \

_ Tno(X) = ({8" — X})
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Tn.« fOr spaces

Let X be a pointed space, n > 2,

®27Tn,0(X)ab
ml \
7n,1(X) Tno(X) = ({8" — X}

B
An element [, F] € 7,1(X) is represented by f: S — o XS1 and
0
m
n
Sn Sn—1Af S”\LXS ev X.
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Tn.« fOr spaces

Let X be a pointed space, n > 2,

®27Tn,0(X)ab
H
<T>l \

7n,1(X) 9 mo(X) = ({S" — X}>n”
An element [, F] € 7,1(X) is represented by f: S — o XS1 and
0
m
n
Sn Sn—1Af S”\LXS ev X.

7= m(8) (v S = (ST X} — ({8 — X))
1 — J[f, F]
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The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
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The Hopf invariant for tracks

For n=2,
S'Af
S? \“_T/ 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
[0,1]4 A S? — T ey ks
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The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
01 A8 — 20 orsey . vs?)
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The Hopf invariant for tracks

For n=2,
S'Af
52 W\ k

T 52y K ys? Hopf(T) € @2z = zK*

~_Vv “

S'Ag

ad(T)

[0,1]4 A S Q(s2v X vs?)

|

(0,11, A S
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The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
01 A8 — 20 orsey . vs?)

0,11, AS'——— sty K ys!
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The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
ad(T).
Ho([0,1]+AS" {0,1}4+AS") Ho(2(S2v v 8?),s1v v st
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The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
ad(T).
Ha([0,1]+AS",{0,1}+AS") Ho(Q(S2v v 82),81v v sh)
Z

Fernando Muro Categorical groups in brave new algebra



The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
ad(T).
Ha([0,1]+AS",{0,1}+AS") Ho(Q(S2v v 82),81v v sh)
:T PontryaginT =
Z ®2 7k
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The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
ad(T).
Ha([0,1]+AS",{0,1}+AS") Ho(Q(S2v v 82),81v v sh)
:T PontryaginT =
Z ®2 7k

1
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The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
ad(T).
Ha([0,1]+AS",{0,1}+AS") Ho(Q(S2v v 82),81v v sh)
:T PontryaginT =
Z ®2 7k
1 — Hopf(T)
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The Hopf invariant for tracks

For n=2,
S'Af
S? “T 2y . fys? Hopf(T) € ®2zk =~ z¥°
S'Ag
ad(T)«
Ho([0,1]4AS",{0,1}4AS") Ho(Q(S2v-v82),S1v v s)
%T PontryaginT =~
Z ®2 7K
1 — Hopf(T)
For n > 2 we need the reduced tensor square &°A = %,

82K o rpKECD k
Hopf(T) e °Z* =2 Z 2 & (Z/2)".



Tn.« TOr spaces

Two elements [f, F] = [g, G] € 7y 1(X)

SN

J
o
cg m
2

n
S Sn—X
ST

Bt

o
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Tn.« TOr spaces

Two elements [f, F] = [g, G] € 7, 1(X) coincide iff

0
SM—Inf— F
n ev
S” HT ot > ) X
gn—1 /\g/7 \H
G
0

there exists a track T such that Hopf(T) = 0 and the pasting of the
diagram is the identity track.

Fernando Muro Categorical groups in brave new algebra



Tn.« TOr spaces

Two elements [f, F] = [g, G] € 7, 1(X) coincide iff

0
SM—Inf— F
n ev
S” HT ot > ) X
gn—1 /\g/7 \H
G
0

there exists a track T such that Hopf(T) = 0 and the pasting of the
diagram is the identity track.

We still have to define (-,-): &2 mpo(X)2 — 71 (X).
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Tn.« TOr spaces

Letc: S' — S'v S' be a map such that w1(¢): Z — (iy, iy): 1 — [i, iy].
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Tn.« TOr spaces

Letc: S' — S'v S' be a map such that w1(¢): Z — (iy, iy): 1 — [i, iy].

For n > 2, there exists a unique track C

0
/”\
c S"vS"

~_ I

S"1ac

Sn

with Hopf(C) = i ® ip € &% (iy, in)?®.
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Tn.« TOr spaces

Letc: S' — S'v S' be a map such that w1(¢): Z — (iy, iy): 1 — [i, iy].

For n > 2, there exists a unique track C

0
/”\
c S"vS"

~_ I

S"1ac

Sn

with HOpf(C) = Qi € ® <I1 , Ig)ab

Given e, &': 8" — X in m,0(X), the element (e, &) € m,1(X) is

0

e T L,

e, e
n n n’ n
S ST rg S"v S s\i St X
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T« fOr spaces
Example

Forn> 2, mp . (S"V - Vv 8") is quasi-isomorphic to

®27ZK H
<»>l
AD anticommutator .
X Zk < 9 oo

7 ik>nil
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T« fOr spaces

Example

Forn> 2, mp . (S"V - Vv 8") is quasi-isomorphic to

Q2ZK H

<»>l

N anticommutator , . il
&Pk —————— (i1, ..., i)™

An element a € &°7¥ can be identified with
0

RN

k fj k
S" S Af SnV"~\/SnéSH\/X8”eT>X:S”\/...\/Sn

where F is any track with Hopf(F) = a.
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Categorical groups in brave new algebra

The End

Thanks for your attention!
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