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Definitions
oditively finite axtegory C — proy\ §-4. projective (right) A-modules
basic odlitive genefoter € v A Lambda algeldra (¢4 basic)

differential %radeé algebta A ~ D(A\ derived category of A-modules
(small) olgebiaic - per A thids sdbcategory genefoted by A
+ricm%u\o¢e¢ cd\‘ec(sona c— A Ke.V\\na.V\c,c_\l\l\e,vd'

quosi-isomorphism  A2B = perA=per® triangulated equivalence
25 o A— B

‘~\

Classify odlitively finite algebraic tricwngolated
ategories and thewr enhance ments



Excumples
. onod I stelble module category

U £.4. ¢elf-injective algebra of finite fepresentation type
A = End (N) stoble Auslander olgebro of ', N=N,@ ~@N, indecomposable

non - projectives

A=End(P) P complete resolution of N
2. cnR stoble category of maxima) Co‘t\en—nemu\qta (cn) modules

R CN algebia of finite CN fpresentation type
3. proy N deformed preprojective Cdgd:\l‘a of genefalited Dyankin type ADEL

A C?P not born a\%ebraic
o
A must be selt -injective

Avslander -Reiten q_uivef‘ o-[- i) k=k

=~

Unigueness of enhancements in the stondend algebraic ase k=



Theofem (Triangulated Auslandes cortespondence) k pecfect TFAE
(,4 Proy N\ adwmits o friangelated astegory s¥ructure
Z N is twisted 3-peficdic: in med A~ Sl A= Ng twicted N-bimodule 6 € Aot (N)

Theorem N connected non- separable AlJ, separable TFAE K arbitrasy
L\ is twisted 3-peficdic

2 3! dq0- A sudhthot proj A= perA: A—A
Hochschild COkOMolOg%

Amiok triosgiloted struchwre N & PISSBIESRID N € Bk (N, A \ HH® (A, N o)
induced b% ePfo&I\
s ghift  XE-N=XO A

* vacktriongles N (R3NP =P —=R) NemadA
meto- ﬂw.n%\e,




Algebic = Amiot
pyAN=T =pecA: Nmc> A XEN=XO,Ne seAot(N)
®(-n)

) . ACEY afoded Lambde algebra
H'A=@ Tl,ctm=@ Ng = & Ag-n = N = \tl=-1
new nex' new (At -EstM),

minimal model (NLEY  ng, gy oy My, ) Ay olaebio
Mp: N6y ® L ®AEYy = Ae)  Imgl=1-n + egquations
3N = NSy inclusion of degree 0 post
g = PN, A — HHTTHA A = HH® (A AQ)=ExBe (A A)
univessal Nassey product (UNPY My F) 3% (M} @siTicted universal Nassey product ((UNP)
The olgebraic triangulated structure on P‘"°J A is Amiot's for the cUNP §* (M3}
§* i) cepresented by N\ &y Py =P, —F, SN 3% Mgt wnid in HHY® (A Asy)
eproyt Hochechild-Tate aohomelogy



EXo..Mp\e. (cusp) k=
T=CnR) R=kirx,gulg-x*y ¢= (X, 4) aditive seretator
ASKIEIEH s(er=-5 A= KM IEY, ebvte) 1hl--A

steble Auslander o.\ﬁdol‘ a afoded Lambed e, a.\ﬁdol’a
24)  Geg) (2 g)
2 _x‘L x‘l
A= &wnd (-~ "‘Zl(ﬁ-)’ B ‘aﬂit L PR - ) enhancement
(2- pecicdic)

HH™* (A A = KEwH ek, £52) =00 tebi= oo IE 1= (o,-2)

cone @ L Hochscnild -Tate cohomel ogy

molt. A
winital wodel u: Ne > ABN = N € Exthe (N, \A¢)
(/\(S\,Ms, 0..) A‘u‘a\gebfa 1 -1

My g, e,ed=t  myL.1..\=0 My KA -\ineos




Excumples (Hhe fole of the seposobility condition)

. = mod 1 - | adddiwe w0l Lawmbola Hodnscnild —Tate
b MS KED oK penter v cohomeloaty

A=End(K)=k = T=mod k s=id A =K(E*1El=-1 HH"*(A,A)) = 0
Stable Auslander algebia

A=Ewnd (- - ke 5 kieajemy S kreafery = ) €= kek®y dhy=o
enhancement focmal

k=2Ivx1>8=F (% new non-perfect gfouond field K [ € won -segovable extension
2. T=mod I' D=LewE,revn,gereyrd)  C=TEI=K adiitive senetater

\ T °

Pt & Kralgeby HH“(A )Y = KTES, U]
A=End(k)=K = T=mod k s=U Aw) = ket*™
<talde Ausloner algebra aoded lambda.  EI=-4 JEL=(0-1) (uL=(4,0)

ebla
AzEndl- o0 50502 ) peither =3 cunfs Wt o
A£keb®™, non - equivalent enhancements w K K?Kﬂ;K € Ext ok K)
]

A \x®A v foVX



Algebic & Amiot

B graded alaebra, HR"(B,B) commutotive +shifted Lie algebro
Gesstenheber celotion [X,4-E)=[x4)-T + T
Nassey claghra (B,m) B afoded alg. me HH® " (B,B) une 4 tmmi=o
Example (H*A dmg)) the Na.ssey q\%ejpro. of Adga

¢ 1K, ?)

Theotem (1ifting units) n & RETHA A ik in HH™® (A Ay)
=31 me HE (Al Ats)) wikla
¢ i*m=y NP
* Fmml=o
Example (A(F),m) the Nassey q\%e)pra. of +he Amict triangulated structuore

on proy N defined by W A & P, -—3?,_.—;?‘ 5 Ne Exe (N Ae)= KA Ay
€ pfoy



U‘\\'\.'*(@.@\) d=Tm-1) Hochschild -Nassey complex of (B,m) \d\=(2,-1)
K™Y (B, m) Hochschild - Nassey co\r\oMo\o%%

Theotem HE™ (@, m) =0 p>1 =31 A daa (H*A AmgY) = (B, m)
Progosition BN A~ HHE UMY, Ao~ HEF N A S5 it (8 Ao = -
Theotem (AS)Y M) Nassey algebra ond j*Mm Hochschild-Tote unit

= \-\\-\Pn'g'(l\tﬁ‘\ yM) =0 P21 geL

Euler decivation & € KR (2 @) dlb)=q.b, beBY [§x1=9-%, Xx€ K" (3,8)

(HH**(Aey Ay, d=[m,-1) i) M- (HH*(A(sy,Ae)), d=[m,-1) O S-

endomolphism of complexes wll-\Womotopy for m -

of bidegree (3,-1) Mox=TM, 31X =TM,0-x1 ¥3-I[m, x]
Gesstenhaber

bijective on bidegrees (9,9) of P74 wlation x € HH " “(Atsy Ay



Theoter (derived Avslander correcponderce) K perfect

We howve bi \ectiong between equivalence classes of:
A 1. Adgao with odditively fnite per A2 Abasic cdditive %e.nam’\‘of

W

A 2. T odaitively finde algebraic triengulated cotegqory T

Amio\-T ¢ additive genefador l
(H°A:'\-\“A\ 2. (N, Ag) with (e oy, Tie,ceny)
a) N\ £.4. basic se\f-injective algebia

B) \ A bwisted A-bimadule soch ok D0 N 2 N¢ in mod A



Corollacy,  k arbitrary A Separable  we hove bijections between
I { A dg0 with perA=zproy N A =AY | quasi-issmorphism
Ay d=0 {ormal
2. {olyebraic triangulated cafegory T= proj NY|equivelence
T=proj A KA1 =X® ,Ag  @rocttricngles = split triongles
3. (con&uaosca closses in Ou+(A)Y
SsecOut (A)
Evamgle A=K" T=(mod kY Out(n)=Sg,
{conyugacy closses (nSaY = Linteger fortitrions o f nY
the Trivicl gartition confesponds tothe only indecampeSakie triongulated
etrocture, with T Xy~ Xn) = Ky~ Xp Ky} The gestdecompacR as the pat-tition .
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Definttion 321
T Wempotent complere, hom-finite triangplated category
E functotially finte Loll su\ncb:teao.r% is dlL—-duster \"\H-'m% ot
L €= {xeT | T(x,m)=0 VYoeancd}

= {xeT | T(E,xtm)=0 Yocenecd}
2. C=Cn)
d=4 C<T UZL-duster tilting & C=J

I od:\'\\'\\le.\% fwite C l’\>"‘o\‘3/\ (4. bosic self-injective algelwa

\casic dL-duster '\'i\{'\n% cv— A Lambde Ol%e!d’a

Clossify hom-finite alaebraic triangulafed ategories
with a dZ-dustes i"\\'\"m% o‘o&ec‘\‘ ond theiwr enhancements



Examples (Amiot- Guo-Keller cluster cotegories)
J=C(C) = per Cl {n with .?':':Aim WMy 2 0 dZ-duster '\'i\‘\'\n% for
L= A desived (d44) -preprojective algebra of
A d - representation finite algebra (o) dim A=d)
A= T N @&+ -preprojective algebro
2. U=-TQ W) completed Gintburg dga of a quiver Q with
poventiol W (2=2) provided ...

N=3(Q W) +he completed Jacobion claebro- is {-d. self-injective
Treorem k=C R icolated compound Du Nal singu\arity (cDV)
with crepont vesclutions

{ esolutions of specRYZE {2Z-cluster tilving dojects in Cri(RY}
Tn this case Lombda agebras afe colled contcaction algebras (comected)



K arbitrany
Theorem T hom- finite alacbraic Friongu\ated adegory
z basic dZ-cluster Filting object
N Lambda alebra of ¢
IE N is connected non-sepafable and AlJ, is separable TFAE

442

LN is twicted (A42) -peficdic, ie. SLe A= Ag in medA™ for some 6 € Aut(N)

2 3! dg0 A sudhthof T = perA:c A



Conyecture Ra, R, isolated <DV singplorities
with efepont ferolutions and contioction algebras N, Ay
R,2Ry @ DIA) =D(A,)

. {I\L contraction alaebio of C;eCNRY) ZUL-closter Filting doject
L=4,2 o
' AL c\..%O\ With perl\-tz Ci\&l.\ A i D HAL = AL connected

=5

< DIAN2DN2) = we can assume N = I\L M%U\% G
= A«z A-., = R‘\g Q'L



Theotem (degived Aus\m\c\er—'[%o.mQ. Cofresponderce) Kk peffect

We have bijections between equalence classes of:

A L Adgo with hom- finite per A3 A basic dU-cluster tilting
(erAA) 2. LT, c) with (T, <)

a) T hom-Lnite o.\ae,'ora'\c \-riw\%u\a\'d Cod'e%or W

wo
amiok| ©Y c e basic AU-cluster H\HV\%

y A 4
(WA HA) 2. (N, (Ag) With (e oy, Tie,ccdny)
a) N\ £.4-basic self-injective algehsa

6) \Ag twisted N-bimodule soch thok R'AZ A in med A



Definition
A @+2\-anqulated cateqoy consists of
1. C oMditive categery
2:C "> C <elf-equivalene 4-snift

2.
3% Ko K, T, Rxaet @) -ongles
+ axwoms |ike

\f olo\')ec’f X

exoct
N wmap Y %2 = exact
YA Sl e Thee X, exoct

X cquose o | {zo

Y=Y Y o Y T, exact
d=1 3-ongilated= triangulated



Theotewm “§ Wempotent complete hom- finite triangulated adegory  TFAE
1. € cT AZ-clustel triting
2. o) J=+hiek (C) and CLd)=C
b) T(C,Cin3) Yoencd d-cigidity
o) € (d+)-anguleted with 2 =43 ond exact (d+2)-angles

............................................. X
A XA
exact triom T eC
/ v.o.d:\ / +\l 1 Fiargles in 3 exact \
x ( Ta o Xg%s ........... & X 65 -‘-‘ XA+1_
(. =2.
.= 2.

T™ece (A-\—L\‘ov\%o\oc\% Categoties are called normal



Theorem Amiot - Lin (d+2)- onguleted structure on @) N\ induced by

N L_) | Fe Rl Amd A -:'5 N e E;\\"::U\,‘/\G\ = HH&LU\H’\@\
eproy I

 d-chipt TUX=XO N¢

¢ oack @) -ongles Ne (P NsRD =P —P) Nemad A\
meto - (d+23- ongle

Exomple
N <e\f -injective algebra of finite fepresentationtype



Algebric normal entancemeay
= Amiot—Lin T =pec A : craAe/ X[-d1=X&, N X e prjA
C Lombda. MU seAt i
dl-duster tilting —— C=piy \ : c v N\ algebra
T el e d-spasse agfoded
Lambda. algebro

®(-n) AEYH re-@

H*A=@® Tle,ctay=@ NS = ® Ag-n = N5, d) =
neu d“ecn: S d'\eé‘)}_ . l (At’tﬁ(k“xi_l\

minimal model (NEdY My g, - ..) d-spasse A alaehia

) m¢n+a. )*

3: N = Nigd) inclusion of degree 0 part

d41,-

i = HET T (A e dy, Aisd)) — HH

A+

TN AR = HHT A A= Exte (A, Ae)

(d+)-UnP IMgaaY ) % {Wg,,Y @) -cune

The normal @+2)- angulated structure on prgj A is Amiot's for the UNP (*{My , 1
i* Ly ) cepresented by N\ <y PSR, BN @ {0, 3wtk in HHY® (A As,dy)

d+2

€ proy N



Example (Reid's pogeda) kK=C d=12

M."(A,A(tt‘l\ = k( "P '\*11‘ e‘ L!(]' ({})

F=anR)  Re KIOUV X YD uvext-xy?)
<OV singulacrity

lue\=(t,o\ \wi=(2/0) \gl=(c.0)
€= (W X) basic 1%-ct. 4-c0nP -t k1= lo-2)
A= KLell(e®) stoble Aus\andet algebra
=4 v
= afoded Aus\loandes
Ais dY= ALET'] 1l = - 1 “Q\gebia

S = k[.[x,a\\l (xX-xy)

e Ex-\-:E (A,N) i
Wi A= ABA— A®N» A
1 N -1® €
I— or+reoe+ioet

Minital model
(M.tt‘] My ,0 )
2-spodse A -alggbra

<3
A= End(..- 5S TS RS 2ag )

enhancement bz Kno¢ces peﬁod'\c'd'&



Corollacy  k arbitrary A separable  we hove bijections between

. { A dgo with A=A hom-(inite perA
d - cluskec tilfing AeperAl [ quasi-issmorphism
Asd) D=0 formal
2. { hom-finite algebic triangulated category T3 ¢ dL-cluster tilting
cbject with E(c,c\ = A} lﬂhu\%u\o&cd e;oiudev\ce preserving the chiect
J=(proy N) 3 c=(Aob..0)
TR = (K L Xa K B, A)  erach triengles = split triangles
2. {econjugocy closses in Out(A1Y independent of d
secOut (A)



3. The Calabi-Yau property
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B greded cleebora
DB qiaded duol B-bimodde (DBY = Hom, (B* )
B ¢ (bimodule (‘i‘akt\ n-Caloabi—-Yau (W-CY) L-\— BIN 2 DR ae B-Limodoles

B n-CY = Batalin-Vilkovisky opetator A : HH?(B,B) — W "B B
A(‘Iv*é,\ = AN0oyy ¢ 0™ x-Dy) *Ixy), N -=o0.

The n-CY defintion extends to %cc&a& degofies ond to A%o.s.

A YCangolated category TV is M- i the actociated groded
Category T with the same objects and T (x,4) = Tlx gtiv), s.

A n-CYdga = pec A=T n-CQY = WA, T lxx), xeT, w-CY.



Examples (Amiot- Guo-Keller cluster coteaories)
FT=CM) s &-CY 4or
LoD =0 (A derived &4y -preprojective algebro of
A d - representation finite o.\ge}:fo
2. T=-TQ W) completed Gintburg daa of a quiver Q with
poventiol W (d=2) with J(Q W) €4 sel¢-inyective

Theotem A dgo- with hom-finite per A3 A basic dZ-cduster Filting
A d-CY dgo & W'AZ A 4-CY geoded algeba and AlUm,, . Y\=0

Homotopy theoty of opefads | their odaebras cnd their bimodoles
This equation holds in all examples Yot we have been able to compute



4. Open problems
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(

¢ basic
« connected
A c.\%eb\‘o. whichie <
non- Sepxfable
Twisted (d+1)- perindic

Find CX\D\'lC'V\'l%:

A
2.

3.

A dga with hom-finte perA 3 A d2-cluster tilting and WoA=A

(ASBY, Mgy |y Magay 3oy Mgy ---) Minimal model of A (Am-a\gc\ora.\

Down-Yo - earth description of T=per A

d-CY steuckure on A or (A@), {m b ) when Alsd) is d-CY

ond Al{my, ) =0>
Does this equetion”always held? Pres of counterexample



R

THANKS
A LOT




