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1. Additively finite triangulated categoires



Definitions

additively finite category 2 proj f .d . projective (right X-modules

basic additive generator c+X Lambda algebra (f . d. basic
↑
2(,c

differential graded algebra A ve DIA) derived category of A-modules
U

Ismall algebraic J=> perA thick subcategory generated by A
M

triangulated category c A enhancement

quasi-isomorphism A=B => perA=perB triangulated equivalence
E Ar B

classify additively finite algebraic triangulated
categories and their enhancements



Examples

1.udt stable modulecategory
↑ f .d . Self-injective algebra of finite representation type

1 = End (M) Stable Auslander algebra of T , M=M
,
0 · #M

, indecomposable
non-projectives

# = End(P) P complete resolution of M

2. CAR stable category of maximal Cohen-Macaulay (CM) modules
R Cn algebra of finite CM representation type

3. proj deformed preprojective algebra of generalized Dynkin type ADEL

A not born algebraic
↑ must be self-injective [Freyd'6s]

Auslander-Reiten quiver of JNiao-Zhu'04) k =E

Uniqueness of enhancements in the standard algebraic case [Amiot'07
,
Keller'18] k =E



Theorem (triangulated Auslander correspondence) THanihara'20] K perfect TFAE

71 . proj admits a triangulated category structure
[Amiot'Ot]

2. / is twisted 3-periodic: in Mode MeNE , /r twisted A-bimodule we Aut (N)

Theorem [M'22) A connected non-separable N/, separable TFAE K arbitrary

1. / is twisted 3-periodic

2. 7 ! dga A such that projN= perA :NA

Hochschild cohomology
i

Amiot triangulated structure , /843+P+P Extr (1 ,10) = HH(X
, No

induced by EprojXe
· shift X[-1) = X As

a

3-extension
· exact triangles M(P1+P+P+↑) MemodN

PR meta-triangle
To

rus
all
triangles



Algebraic = Amiot

projXJ = perA : NHCHA XF1) = X QN reArt(N

NtIl , graded
Lambda algebra

H
*
A = J(

,
(in))==N | t1 = - 1

NE2 NE2 (Xt-to()(xeX

minimal model (N15)
, my , My , . . ., Mn ,

. . .
) Ag-algebra TKadeishvili'88)

Mn : Nr@ .
" @N2) - Nr IMn)= 2-u + equations

j 14 Nr) inclusion of degree O part

* HHS" (121,
Nr1l -> H Bares remans BensonkrauseSchwedO. .

universal Massey product (UMPI <m33 #j* <M3) restricted universal Massey product (runP)

The algebraic triangulated structure on projX is Amiot's for the rUMP j* <M33
i

j* <M33 represented by . /g 43+P+PXE j* &M33 unit in HH** (X
,
Nrll

EprojXe Hochschild-Tate cohomology



Example (cusplk=

5 = CM(R) R = KITX
,y>/ly- X3) c= (X

, y) additive generator

1 Kid]/(EY :(a) = - E NH = Ke
,
tF1)/(eY

,
Et +te) It=-1

StableAuslanderalgebra graded Lambda algebra
y X y -X y X

A = End ( ... +RiXy , ph-X2y ,phy ,R+ ... ) enhancement
↳ ↳ ↳ ↳ 12-periodic
1y+x y 1-y 1y+x y 1-y

Ei
y+x 1 1-x

- xh y+x 1 1-x
- xh

#
** (X

,
N(0) = KluF1

,
at

,
te2] (ul = (1

,
-1) 12t1= 10

,
- 1) It = 10

,
- 2)

rUMP uSE2 Hochschild-Tate cohomology
mult.

minimal model u:N1*1-- Extpe (1,No)
(x(2)

, my ,
0 ...
) An algebra 11-201- 10E

Mz(c ,
<

,
2) = t My l . . .

1
... ) = 0 My K(t-linear



Examples (the role of the separability condition) [Jasso-M . 23]

1. J = mod KI]/EY c= k
additive graded Lambda

Hochschild-Tate

generator algebra cohomology
1 = End(k) =k = j =modku = id((0) = k(t=-(t) = - 1HH

: *

(X ,N(r)) = 0

Stable Auslanderalgebra
A = End) ... - kee Kee kee + ...) KCtFl dIt) = 0

enhancement formal
· - KETILEY KIETIEY #KIET/E4 ... ) It

k = ([V) > C = 1F(x) new non-perfect ground field k & non-separable extension

2. J =modNN = f(z
,y)/(dYy + E + X

, ye+Ey +3) c = N/()= k additive generator
nota k-algebra HH :*(1 ,Noll = kit=, u

=]
1 = End (k) =k = j = modk w = id(() = k(t=1)

Stable Auslanderalgebra graded Lambda It)=-1 It1= 10
,
- 1) (2)= 11 ,

01

A = End) ...+MEE +... ) neither
algebra

rumps ust o

**ktF1) non-equivalent enhancements u: kkkke Extrek(k ,
k)

C

1 ↳+Vx1+10



AlgebraicE Amiot chark#2

B graded algebra ,
HH

** (B
,
B) commutative+shifted Lie algebra

Gerstenhaber relation (x ,yz) = [x
,y) z + (- 1)

((X -x(y'
y

. [x
,
z)

Massey algebra (B ,
m) B graded alg .

MEHH" (B
,B) UMP Zim ,

my = o

Example (H*A ,<m>3) the Massey algebra of Adga

Theorem (lifting units) [M'22] neHH(X ,
Nrl) unit in HH:* (X

,
Nrll

=> 5 ! me HHi1 (No)
,
Noll with

· j* m=4 rUMP (modp/,
· zim ,

my = o

Example (N(5) ,
m) the Massey algebra of the Amiot triangulated structure

i P
on projX defined by 1 :/+ 44+P+P, N- Ext(X ,Nr) = HH3(X

,
Nrll

EprojXe



CHH
** (B

,
B)

,
d = [m

,
-3) Hochschild-Massey complex of (B ,

m) (d)= (2,-1)

HH
** (B

,
m) Hochschild-Massey cohomology

Theorem [M'22]HHP
+2 - P (B

,
m) = 0 pc 1 = 7 ! Adga (H

*A ,<M33) = (B
,
m)

Proposition[n'20) - ->HHP-"-(N
,
Noll-HH** (No)

,
Noll-HHP (N

,
Nwl) id-conjb HHP(N

,
Noll- ...

TheoremTM'22] (N(5) ,
m) Massey algebra and j*M Hochschild-Tate unit

=> HHP
+2, 9 (X(5)

,
m) = 0 p> qeI

Idea ofproof

Euler derivation GCHH" (B
,
B) G1b1 =q. 6

,
beB* (d

,
x) = q .X

,
XCHHPP (B

,
BI

CHH"
*

(N2) ,Nrll , d= im
,
-)& m . (HH"

*

(NU) ,Nrll , d= im
,
-)& 5 .

endomorphism of complexes null-homotopy for m .

of bidegree (3-1) m . X = [m
,
83 . X = [M

,
G .x] + 5 . [m

,
X]

Gerstenhaber
bijective on bidegrees (p ,g) for p > 1 relation X- HH

:* (N (5)
,
Noll



Theorem (derived Auslander correspondence) In22] K perfect
We have bijections between equivalence classes of :

A 1. Adga with additively finite per A7 A basic additive generator
-

quasi-isomorphism

perA 2.J additively finite algebraic triangulated category I
M

Amiot triangulated equivalence c additive generator
CHOAA) 3. (N

, , 10) with (J(
,P ,
J(

,CE))

a N + .
d . basic self-injective algebra

6), No twisted N-bimodule such thatMe , /r in mode

isomorphisms of(algebra ,
bimodule in mod X



Corollary KarbitraryA separable we have bijections between

1. & Adga with perA proj N : An11Y/quasi-isomorphism
N(0) d = 0 formal

2. dalgebraic triangulated category J= projXb/equivalence
5 proj XI-1) =Xa1o exacttriangles = split triangles

3. Iconjugacy classes in Out(N)

SeOut(N)

Example 1= k" 5 = (modkin Out(N) = Sn

&conjugacy classes inSnb= Linteger partitions ofmy

the trivial partition correspondstotheonly indecomposable triangulated
structure

,
with [IX, ...Xn) = (X2 ...XnY) .The restdecompose as the partition.



2. Triangulated categoires with a periodic 
cluster tilting object



Definition &> 1 /Iyama-Yoshino'08)

T idempotent complete , hom-finite triangulated category
Y

2 functorially finite full subcategory is dX-cluster tilting if
1. C = (x51J(x

,
[[n]) = 0 Hoan < dy

= (xe5 15(2
,
x[n]) = 0 Hoan < dy

2. C = [[d]

d = 1 [CJ 12-cluster tilting C = J

If additively finite [ proj + .d . basic self-injective algebra

basic dk-cluster tilting c+ / Lambda algebra

Classify hom-finite algebraic triangulated categories
with a dX-cluster tilting object and their enhancements



Examples (Amiot-Guo-Keller cluster categories) [Keller'08 ,
Amiot'og

,
Guo'11]

J = 2(M) = perN/[M with [dimHM3cNdl-cluster tilting for
n =2

1. P = /Ma+A) derived (d+1) -preprojective algebra of

Ad-representation finite algebra (gldimA=d)

1= Ta+(A) (d+1) -preprojective algebra [Iyama-Oppermann' 13]

2. N = TQ ,WI completed Ginzburg dga of a quiver Q with

potential W (d=2) provided... [Heller-Yang'11 , Herschend-Iyama'll]

1 = J(Q ,W) the completed Jacobian algebra is f .d . Self-injective

Theorem [Wemyss' 18] K=C R isolated compound Dr Val singularity (cDY)

with crepant resolutions

& resolutions of specR3[2-cluster tilting objects inCIRI]

In this case Lambda algebras are called contraction algebras (connected)



[Jasso-M'23] K arbitrary

Theorem I hom-finite algebraic triangulated category
↓

c basic de-cluster tilting object

↑ Lambda algebra of C

If A is connected non-separable and NJ, is separable TFAE

1. A is twisted (d+2)-periodic ,
i.e.MN , No inmod for some reAut(N)

2. 7 ! dga A such that J = perA :<A



Conjecture [Donovan-Wemyss'16] R1 , Rz isolated CDV singularities
with crepant resolutions and contraction algebras N .. 12

isomorphism R
, ER2EtD(x) = D(x2) triangulated equivalence

Proof assembled by Keller

i= 1
,2 &Ni contraction algebra of Cit(Ri)

IX-cluster tilting object
A idga with perAi = ((ri) : Aitoci = HoAi = Ni connected

=> [Wemyss' 18 ,Dugas' 15]

=> D(x1) =D(2) = we can assume N .=12 changing [August'20]

=> Ant Az [Jasso-M . 23] => RERz THua-Keller'18)

The only separable case is N=



Theorem (derived Auslander-Lyama correspondence) [Jasso-M'231 k perfect
We have bijections between equivalence classes of :

A 1. Adga with hom-finite per Az A basic &X-cluster tilting
-

quasi-isomorphism

IperEA) 2 . 15
,
c with (T

,
c

M

a J hom-finite algebraic triangulated category
ot b) ceJ basic &X-cluster tilting

triangulated equivalence preserving theobject
CHOAA*

Al 3. (N
, , 10) with (5

,P ,
Y

,
cedal)

a N + .
d . basic self-injective algebra

6), No twisted N-bimodule such thatM ,Nr in mode

isomorphisms of(algebra ,
bimodule in mod



Definition [Geiss-Keller-Opperman' 13]

* (d+21-angulated category consists of
1. I additive category
2. [ : 2 -c I self-equivalence d-shift

3. X
,
+ Xz+ ... + Xa+- [X ,

exact (d +2)- angles
+ axioms like

# object X-X+ 0- ... + o+ IX exact

# map y z + Xzt ... -XaIY exact

X-Xz+ Xzx ... ->XaEX,
exact

It square is ↓ b... ↓ hig

*->Yz
+yzt ... -YatIY,

exact

d = 1 3 angulated triangulated



Theorem J idempotent complete hom-finite triangulated category TFAE

1
.
2cJdX-cluster tilting

2. al J= thick(e) and [Id] = 2

b) J(2
,
[[n]) Honed d-rigidity

4) &(d +2)-angulated with I = [d] and exact (d+2)-angles

X2 ↳Xs -
Xa+1

# ↓ exact triangles inI = 2
exact ↓ exact J exact I

X X XS < X Xa+21 +12.5 + 1 3.5 d.5 +1

1. = 2 . [Geiss-Keller-Opperman' 13]

1.E2 . [Jasso-M . 23]

These (d+z)-angulated categories are called normal



Theorem [Lin'19) Amiot - Lin (d+2)- angulated structure onproj induced by

i d+2

4- +P+P,X Ext(X ,,xy) + HH*+2(X ,nu)
EprojXe

ald+2)-
ex

tension
· d-shift ["X = Xs /9//(d

+2)-angles
· exact (d+2)-angles M(PQ1+P +...-P+P) MemodNd+2

PR meta-ld+2)-angle

Example[Erdmann-Skowronskylos,Dugas' 10]

↑ self-injective algebra of finite representation type



Algebraic normal
enhancement

=> Amiot-Lin J = perA : citA) Xi-d) =XXeprojX
Lambda

- eAut(N
↓-cluster tilting : ExprojX : i+ /7 algebra

↓-sparse graded
Lambda algebra

H
*
A=T,

cins= # No-n = 15
,
d) =

↑still
Itl = -d

dnEd2 dnEd2 (Xt-to()(xeX

minimal model (N15
,
d)

, Matz , Mad+z) ..., Mantz, . - . ) d-Sparse Ag-algebra

j 14 No,
d) inclusion of degree O part

d+2 d+2

j*: HHd+2
,
=

(N rd), Nr,d1) -> HHd+2=

(X
,
Nrdl) = HH (N

, ,Nr)= Extre (N , ,/r

(d+2)- UMP <Ma+23 I j* &Ma+z] (d+2)-rUMP

The normal (d+2)-angulated structure on projX is Amiot's for the rUMP j* <Ma+23
i

*<M representedbyj unit in H** (X
,
Nr

,
di)

EprojXe



Example (Reid's pagodal K= d = 2

#
*
(X

,
NIt=1) = k[y ,4 a

,
t
=/(2

J = ((R) R= kitu
,
v

,
X

,y])/(nv+ x"- xy3) (y1 = (1
, 0) (41 = (2,0) 12)

= 10 ,01

C= (u
,X) basic 24-c .E .

cDV singularity 4-rUMD 42t It) = 10,-2)

↑ K[E]/(E3) stable Auslanderalgebra
Extre(X ,1) mult.

5 = id 4 : /41Q1+ NQX+N

graded Auslander 1↳ 201-10E

↑ (0
,
d) = XItF1) It) = - 2 algebra 11+ 201+Ex+ 10E2

S = k[[X
,y()/(x2- xy3) minimal model

(NItE1]
,my ,

0 ...)
A= Endl

:SSSS 2-sparse Ax-algebra

E = 0 : ... +SSESIS+...

computed in joint
discussions with

enhancement by knower periodicity Longhua Shanghai
Booth and Wemyss



Corollary k arbitraryA separable we have bijections between

1 . & Adga with HAEN hom-finite perA

&X-cluster tilting AEperA]/quasi-isomorphism

N(5 ,
d) & = 0 formal

2. &hom-finite algebraic triangulated category Je cdk-clustertilting

object with JK,C = N3/triangulated equivalence preserving the object
5 = (projN

*

= c = (X0 ... 0)

[ (X , . . .Xa) = (Xz ...XaX ,&) exacttriangles = split triangles
3. Iconjugacy classes in Out(N) independent of d

SeOut(N)



3. The Calabi-Yau property



B graded algebra

DB graded dual B-bimodule (DB)" = Homp (B ,
k)

B is (bimodule right) n-Calabi-Yau In-CY1 if BInT= DBasB-bimodules

B n- CY = Batalin-Vilkovisky operator A : HHPF(B
,
BI < HHP-9(B

,
BI

A(x -y) =((x) .y + (1)* x-A(y) + [x
,y] ,

= 0.

The n-Cy definition extends to graded categories and to dgas .

A triangulated category J is n-CY if the associated graded

category
J: with the same objects and J"(x ,y) = T(x ,y5is) , is

A n-CYdga = perA = J n-Cy = H
*
A

,
Tix

,X) , x+J
,

n- CY .



Examples (Amiot-Guo-Keller cluster categories)
& [IN) is d-CY for

1. P = /Ma+A) derived (d+1) -preprojective algebra of

Ad-representation finite algebra
2. N = TQ ,WI completed Ginzburg dga of a quiver Q with

potential W (d=2) with J(Q ,W) f .
d . self-injective

[Jasso-M .)

Theorem Adga with hom-finite per AG A basic dX-cluster tilting

Ad-CYdga#H*AEN15
,d) d-CY graded algebra and A(LMa+z3l=0 <

Proof Homotopy theory of operads ,
theiralgebras and their bimodules

This equation holds in all examples thatwe have been able to compute



4. Open problems



· basic

· connected
N f .d. algebra which is

· non-separable

· twisted (d+2)-periodic

Find explicitly:

1
. Adga with hom-finite perA AdZ-cluster tilting and HPA=N

2. (N5
,
d)

, Matz , Mad+z , ..., Mnd+z1
...
) minimal model of A (Ag-algebral

3. Down-to-earth description of J = per A

4. d-CY structure on A or (No
,
d)

, [Mnd+zn1) when No,
d) is a - CY

and X(dMa+23) = 0 -

5

. Does this equation always hold? Proof or counterexample
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A LOT


