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Du Val singularities1

D4

1Also known as Kleinian singularities or simple surface singularities.



Du Val singularities

They are isolated surface singularities arising as:

Variety Functions

ℂ2/G G ⊂ SL(2, ℂ) finite ℂ[[x, y]]G

They are classified by ADE Dynkin diagrams:

Equation inℂ3 Diagram

x2 + y2 + zn+1 An, n ≥ 1

x2 + y2z + zn−1 Dn, n ≥ 4

x2 + y3 + z4 E6

x2 + y3 + yz3 E7

x2 + y3 + z5 E8



Compound Du Val singularities (Reid 1983)

A 3-dimensional analogue of Du Val singularities:

• X complete, local,
isolated hypersurface singularity at 0 ∈ ℂ4.

• The generic hyperplane
section of X is a Du Val singularity.

• p∶ Y → X a crepant resolution, which
is an isomorphism outside p−1(0) = ⋃n

i=1 Ci
with Ci ≅ ℙ1 and Y smooth.

GOAL: Classify
these cDV singularities in terms of invariants.



The singularity category

Dsg(X) = Db(X)/Dc(X) is the singularity category; it is an idempotent complete
Hom-finite triangulated category with Σ2 = id.

An object c ∈ Dsg(X) is cluster-tilting if:

• any object x fits in an exact triangle

p1 ⟶ p0⎵⎵⎵⎵⎵⎵⎵
∈ add(c)

⟶ x ⟶ Σp1,

• Hom(c, Σc) = 0.

Theorem (August 2020)
For X a cDV, there is a bijection between equivalence classes of:
1. Crepant resolutions Y → X .
2. Basic cluster-tilting objects c ∈ Dsg(X).
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Contraction algebras and the Donovan–Wemyss conjecture

A contraction algebra of a cDV X is the endomorphism algebra Λ = End(c) of a basic
cluster-tilting object c ∈ Dsg(X).

Theorem (August 2020)
The contraction algebras of a cDV form a derived equivalence class of basic indecompos-
able self-injective finite-dimensional algebras.

Conjecture (Donovan andWemyss 2016)
Given two cDVs X , X ′ with crepant resolutions Y → X , Y ′ → X ′ and contraction algebras
Λ, Λ′,

D(Λ) ≃ D(Λ′)⟺ X ≅ X ′.
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Derived contraction algebras and the Donovan–Wemyss conjecture

A derived contraction algebra of a cDV X is the derived endomorphism algebra
Λdg = ℝEnd(c) of a basic cluster-tilting object c ∈ Dsg(X).

Theorem (Hua and Keller 2024)
Given two cDVs X , X ′ with crepant resolutions Y → X , Y ′ → X ′ and derived contraction
algebras Λdg, Λ′dg,

Ddg(Λdg) ≃ Ddg(Λ′dg)⟺ X ≅ X ′.

“Various enhanced versions of the conjecture are known to be true, but
indeed the point of the conjecture is that these enhanced structures are not
necessary.”—Wemyss 2023.
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Example (Donovan and Wemyss 2016; Booth 2019)

Generic hyperplane section

X = Spec ( ℂ[[x,y,u,v]]
(u2+v2y−x3−xy3)

) Laufer flop;

Λ = ℂ⟨x,y⟩
(xy+yx , x2−y3)

quantum cusp;

t≤0Λdg = ℂ⟨x, y⎵
0

, ζ , ξ⎵
−1
, ρ⎵
−2
⟩,

d(ζ) = xy+yx, d(ξ) = x2−y3, d(ρ) = [ξ , y]+[ζ , x].



Formality of derived contraction algebras

The cohomology of a derived contraction algebra Λdg = ℝEnd(c) is

H0Λdg = End(c) = Λ, H∗Λdg =⨁
n∈ℤ

Hom(c, Σnc) = Λ[t±1], |t| = −2.

A DGA A is formal if it is quasi-isomorphic to H∗A.

Theorem (Kadeishvili 1988)
If A is a DGA with HHn+2,−n(H∗A,H∗A) = 0, n > 0, then it is formal.

Theorem (Jasso, Keller, and Muro 2024)
Given a cDV X , TFAE:
1. Λdg is formal.
2. Λ ≅ ℂ.
3. X ≅ Spec (ℂ[[u, v, x, y]]/(uv − xy)) is the Atiyah flop.
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Universal Massey products

A DGA⇝ (H∗A,m3,m4,… ,mn,… ) A∞-algebraminimal model,

mn∶ H∗A⊗
n⋯ ⊗H∗A⟶ H∗A, |mn| = 2 − n.

The universal Massey product2 (UMP) of a DGA Awith HoddA = 0

{m4} ∈ HH4,−2(H∗A,H∗A), [{m4}, {m4}] = 0.

m4(a1, a2, a3, a4) ∈ ⟨[a1], [a2], [a3], [a4]⟩ Massey product.

The UMP is an obstruction to formality, i.e. if A is formal then {m4} = 0.

2Baues and Dreckmann 1989; Benson, Krause, and Schwede 2004; Kaledin 2007; Sagave 2008…
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Universal Massey products

Recall that Λ is self-injective and the cohomology of A = Λdg is H∗A = Λ[t±1], |t| = −2.

Proposition (Jasso, Keller, and Muro 2024)
The Hochschild cohomology of Λ[t±1] is the Gerstenhaber algebra

HH⋆,∗(Λ[t±1], Λ[t±1]) ≅ HH⋆(Λ, Λ)[t±1, δ], δ Euler class, |δ| = (1, 0),

[t,HH⋆(Λ, Λ)] = 0, [δ,HH⋆(Λ, Λ)] = 0, [t, t] = 0, [δ, t] = −t,

and the UMP of Λdg is
{m4} = (u + 1

2
u−1[u, u]δ) t

with u ∈ HH4(Λ, Λ) a unit inHochschild–Tate cohomology HH⋆(Λ, Λ).

Therefore, {m4} = 0 if and only if Λ = ℂ.
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4-angulated categories (Geiss, Keller, and Oppermann 2013)

The class u ∈ HH4(Λ, Λ) is the first Postnikov invariant of t≤0Λdg. It is a Hochschild–Tate
unit because proj(Λ) ≃ add(c) ⊂ Dsg(X) is a 4-angulated categorywith shift Σ2 = id and

p4
f4−→ p3

f3−→ p2
f2−→ p1

f1−→ Σ2p4, ⟨f1, f2, f3, f4⟩ ∋ 1, 4-angles.

In order to complete f4∶ p4 → p3 to a 4-angle, we complete it to a triangle in Dsg(X)

p4
f4−→ p3

i
−→ x

q
−→ Σp4,

then, using the cluster-tilting property, we choose an exact triangle in Dsg(X),

p2
f2−→ p1

i′
−→ Σx

q′
−→ Σp2, we rotate it x

−Σ−1q′
−−−−→ p2

f2−→ p1
i′
−→ Σx,

and take
p3 p2

p4 x p1

i

f3

f2f4

+1
q

−Σ−1q′

+1
i′+2 f1
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4-angulated categories (Geiss, Keller, and Oppermann 2013)

Generic hyperplane
section

In the example

X = Spec (
ℂ[[x, y, u, v]]

(uv − x(y2 − x)))
, Λ = ℂ[ε]/(ε2),

the only non-trivial indecomposable 4-angle in proj(ℂ[ε]/(ε2)) is

ℂ[ε]/(ε2)
ε

⟶ℂ[ε]/(ε2)
ε

⟶ℂ[ε]/(ε2)
ε

⟶ℂ[ε]/(ε2)
ε

⟶ℂ[ε]/(ε2),

compare Muro, Schwede, and Strickland 2007.



A generalization of Kadeishvili’s formality theorem

AMassey algebra (H,m) is a graded algebra Hwith Hodd = 0 and

m ∈ HH4,−2(H,H), [m,m] = 0.

ItsHochschild cohomology HH⋆,∗(H,m) is the cohomology of the following complex
with differential of bidegree (3, −2),

(HH⋆,∗(H,H) , d = [m, −]).

Theorem (Jasso and Muro 2023)
If A is a DGA with HoddA = 0 and

HHn+2,−n(H∗A, {m4}) = 0, n > 2,

then any other DGA Bwith (H∗B, {mB
4}) ≅ (H∗A, {mA

4}) satisfies B ≃ A.
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The Hochschild cohomology of the contraction Massey algebra

Proposition
The Hochschild cohomology of the Massey algebra of Λdg is HHn,∗(Λ[t±1], {m4}) = 0 for
n > 4.

Proof.
The Hochschild complex

(HH⋆(Λ, Λ)[t±1, δ], d = [{m4}, −])

of the Massey algebra has an endomorphism f of bidegree (4, −2) with a nullhomotopy
h of bidegree (1, 0),

f (x) = {m4} ⋅ x, h(x) = δ ⋅ x, f = dh + hd,

{m4} ⋅ x = [{m4}, δ ⋅ x] + δ ⋅ [{m4}, x] Gerstenhaber relation.

Themap f is an isomorphismon horizontal degrees≥ 2, hencewe get the vanishing. ■
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Proof of the Donovan–Wemyss conjecture

Conjecture (Donovan andWemyss 2016)
Given two cDVs X , X ′ with crepant resolutions Y → X , Y ′ → X ′ and contraction algebras
Λ, Λ′,

D(Λ) ≃ D(Λ′)⟺ X ≅ X ′.

Theorem (Hua and Keller 2024)
Given two cDVs X , X ′ with crepant resolutions Y → X , Y ′ → X ′ and derived contraction
algebras Λdg, Λ′dg,

Ddg(Λdg) ≃ Ddg(Λ′dg)⟺ X ≅ X ′.
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Proof of the Donovan–Wemyss conjecture

Proof.

D(Λ) ≃ D(Λ′) ⇒ Λ ≅ Λ′ by changing a resolution (August 2020),

⇒ (Λ[t±1], {m4}) ≅ (Λ[t±1], {m′
4}) by the UMP computation,

⇒ Λdg ≃ Λ′dg by the generalized Kadeishvili theorem,

⇒ X ≅ X ′ by Hua and Keller 2024.

■
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Proof of the generalized Kadeishvili theorem

Theorem (Jasso and Muro 2023)
If A is a DGA with HoddA = 0 and

HHn+2,−n(H∗A, {m4}) = 0, n > 2,

then any other DGA Bwith (H∗B, {mB
4}) ≅ (H∗A, {mA

4}) satisfies B ≃ A.



Proof of the generalized Kadeishvili theorem

2r−2

p

q

Bousfield and Kan 1972 spectral sequence
of the space of minimal A∞-algebra
structures on H∗A, pointed at the minimal
model of A,

Map(A∞,E(H∗A)) = lim
n

Map(An,E(H∗A));

Epq2 ⇒ πq−pMap(A∞,E(H∗A));

Epq2 = HHp+2,−q(H∗A,H∗A), p > 0;

d2 = 0, Epq3 = Epq2 ;

d3 = [{m4}, −];

Epq4 = HHp+2,−q(H∗A, {m4}), p > 2.



Proof of the generalized Kadeishvili theorem

po
int
ed
se
ts

2r−2

p

q

Bousfield and Kan 1972 spectral sequence
of the space of minimal A∞-algebra
structures on H∗A, pointed at the minimal
model of A,

Map(A∞,E(H∗A)) = lim
n

Map(An,E(H∗A));

Epq2 ⇒ πq−pMap(A∞,E(H∗A));

Epq2 = HHp+2,−q(H∗A,H∗A), p > 0;

d2 = 0, Epq3 = Epq2 ;

d3 = [{m4}, −];

Epq4 = HHp+2,−q(H∗A, {m4}), p > 2.



Proof of the generalized Kadeishvili theorem

po
int
ed
se
ts

2r−2

p

q

Bousfield and Kan 1972 spectral sequence
of the space of minimal A∞-algebra
structures on H∗A, pointed at the minimal
model of A,

Map(A∞,E(H∗A)) = lim
n

Map(An,E(H∗A));

Epq2 ⇒ πq−pMap(A∞,E(H∗A));

Epq2 = HHp+2,−q(H∗A,H∗A), p > 0;

d2 = 0, Epq3 = Epq2 ;

d3 = [{m4}, −];

Epq4 = HHp+2,−q(H∗A, {m4}), p > 2.



Proof of the generalized Kadeishvili theorem

po
int
ed
se
ts

2r−2

p

q

Bousfield and Kan 1972 spectral sequence
of the space of minimal A∞-algebra
structures on H∗A, pointed at the minimal
model of A,

Map(A∞,E(H∗A)) = lim
n

Map(An,E(H∗A));

Epq2 ⇒ πq−pMap(A∞,E(H∗A));

Epq2 = HHp+2,−q(H∗A,H∗A), p > 0;

d2 = 0, Epq3 = Epq2 ;

d3 = [{m4}, −];

Epq4 = HHp+2,−q(H∗A, {m4}), p > 2.



Proof of the generalized Kadeishvili theorem

po
int
ed
se
ts

2r−2

p

q

Bousfield and Kan 1972 spectral sequence
of the space of minimal A∞-algebra
structures on H∗A, pointed at the minimal
model of A,

Map(A∞,E(H∗A)) = lim
n

Map(An,E(H∗A));

Epq2 ⇒ πq−pMap(A∞,E(H∗A));

Epq2 = HHp+2,−q(H∗A,H∗A), p > 0;

d2 = 0, Epq3 = Epq2 ;

d3 = [{m4}, −];

Epq4 = HHp+2,−q(H∗A, {m4}), p > 2.



Proof of the generalized Kadeishvili theorem

po
int
ed
se
ts

2r−2

p

q

Bousfield and Kan 1972 spectral sequence
of the space of minimal A∞-algebra
structures on H∗A, pointed at the minimal
model of A,

Map(A∞,E(H∗A)) = lim
n

Map(An,E(H∗A));

Epq2 ⇒ πq−pMap(A∞,E(H∗A));

Epq2 = HHp+2,−q(H∗A,H∗A), p > 0;

d2 = 0, Epq3 = Epq2 ;

d3 = [{m4}, −];

Epq4 = HHp+2,−q(H∗A, {m4}), p > 2.



Proof of the generalized Kadeishvili theorem

E
pp
4
=
0

2r−2

p

q

Bousfield and Kan 1972 spectral sequence
of the space of minimal A∞-algebra
structures on H∗A, pointed at the minimal
model of A,

Map(A∞,E(H∗A)) = lim
n

Map(An,E(H∗A));

Epq2 ⇒ πq−pMap(A∞,E(H∗A));

Epq2 = HHp+2,−q(H∗A,H∗A), p > 0;

d2 = 0, Epq3 = Epq2 ;

d3 = [{m4}, −];

Epq4 = HHp+2,−q(H∗A, {m4}), p > 2.



Proof of the generalized Kadeishvili theorem

po
int
ed
se
ts

2r−2

p

q

Bousfield and Kan 1972 spectral sequence
of the space of minimal A∞-algebra
structures on H∗A, pointed at the minimal
model of A,

Map(A∞,E(H∗A)) = lim
n

Map(An,E(H∗A));

Epq2 ⇒ πq−pMap(A∞,E(H∗A));

Epq2 = HHp+2,−q(H∗A,H∗A), p > 0;

d2 = 0, Epq3 = Epq2 ;

d3 = [{m4}, −];

Epq4 = HHp+2,−q(H∗A, {m4}), p > 2.



THE END



References I

BOOK August, J. (Dec. 2020). “On the finiteness of the derived equivalence classes of some stable
endomorphism rings”.Mathematische Zeitschrift 296, no. 3, pp. 1157–1183.

BOOK Baues, H. J. and W. Dreckmann (1989). “The cohomology of homotopy categories and the
general linear group”. K-Theory. An Interdisciplinary Journal for the Development, Application,
and Influence of K-Theory in the Mathematical Sciences 3, no. 4, pp. 307–338.

BOOK Benson, D., H. Krause, and S. Schwede (2004). “Realizability of modules over Tate
cohomology”. Transactions of the American Mathematical Society 356, no. 9, pp. 3621–3668.

BOOK Booth, M. (Nov. 2019). “The derived contraction algebra”. arXiv:1911.09626 [math].
BOOK Bousfield, A. K. and D. M. Kan (1972). “Homotopy limits, completions and localizations”.

Lecture Notes in Mathematics, Vol. 304. Springer-Verlag, Berlin-New York.
BOOK Donovan, W. and M. Wemyss (June 2016). “Noncommutative deformations and flops”. Duke

Mathematical Journal 165, no. 8.
BOOK Geiss, C., B. Keller, and S. Oppermann (2013). “n-angulated categories”. Journal für die Reine

und Angewandte Mathematik. [Crelle’s Journal] 675, pp. 101–120.
BOOK Hua, Z. and B. Keller (Oct. 2024). “Cluster categories and rational curves”. Geometry & Topology

28, no. 6, pp. 2569–2634.

http://dx.doi.org/10.1007/s00209-020-02475-y
http://dx.doi.org/10.1007/s00209-020-02475-y
http://dx.doi.org/10/cz89mb
http://dx.doi.org/10/cz89mb
http://dx.doi.org/10.1090/S0002-9947-03-03373-7
http://dx.doi.org/10.1090/S0002-9947-03-03373-7
http://arxiv.org/abs/1911.09626
http://www.ams.org/mathscinet-getitem?mr=0365573
http://dx.doi.org/10.1215/00127094-3449887
http://dx.doi.org/10.1515/crelle.2011.177
http://dx.doi.org/10.2140/gt.2024.28.2569


References II

BOOK Jasso, G., B. Keller, and F. Muro (2024). “The Donovan–Wemyss Conjecture via the Derived
Auslander–Iyama Correspondence”. Ed. by P. A. Bergh, S. Oppermann, and Ø. Solberg. Cham:
Springer Nature Switzerland, pp. 105–140.

BOOK Jasso, G. and F. Muro (Aug. 2023). “The Derived Auslander-Iyama Correspondence”.
arXiv:2208.14413 [math], to appear in Journal of the American Mathematical Society.

BOOK Kadeishvili, T. V. (1988). “The structure of the A(∞)-algebra, and the Hochschild and Harrison
cohomologies”. Akademiya Nauk Gruzinskoı̆ SSR. Trudy Tbilisskogo Matematicheskogo Instituta
im. A. M. Razmadze 91, pp. 19–27.

BOOK Kaledin, D. (2007). “Some remarks on formality in families”.Moscow Mathematical Journal 7,
no. 4, pp. 643–652, 766.

BOOK Muro, F., S. Schwede, and N. Strickland (2007). “Triangulated categories without models”.
Inventiones Mathematicae 170, no. 2, pp. 231–241.

BOOK Reid, M. (Jan. 1983). “Minimal Models of Canonical 3-Folds”. Algebraic Varieties and Analytic
Varieties 1, pp. 131–181.

BOOK Sagave, S. (2008). “Universal Toda brackets of ring spectra”. Transactions of the American
Mathematical Society 360, no. 5, pp. 2767–2808.

http://dx.doi.org/10.1007/978-3-031-57789-5_4
http://dx.doi.org/10.1007/978-3-031-57789-5_4
http://dx.doi.org/10.1090/jams/1079
https://mathscinet.ams.org/mathscinet-getitem?mr=1029003
https://mathscinet.ams.org/mathscinet-getitem?mr=1029003
http://dx.doi.org/10.17323/1609-4514-2007-7-4-643-652
http://dx.doi.org/10.1007/s00222-007-0061-2
http://dx.doi.org/10.2969/aspm/00110131
http://www.ams.org/tran/2008-360-05/S0002-9947-07-04487-X/


References III

BOOK Wemyss, M. (Apr. 2023). “A lockdown survey on cDV singularities”. Vol. 88. Mathematical
Society of Japan, pp. 47–94.

http://dx.doi.org/10.2969/aspm/08810047

	References

