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Abstract. In this paper we determine the representation type of some algebras of infinite
matrices continuously controlled at infinity by a compact metrizable space. We explicitly
classify their finitely presented modules in the finite and tame cases. The algebra of row-
column-finite (or locally finite) matrices over an arbitrary field is one of the algebras con-
sidered in this paper, its representation type is shown to be finite.
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1. Introduction

Suppose that the discrete set Ny of non-negative integers is embedded Ny C
X in a compact metrizable space X, and let E =N C X be the derived
set (i.e. points of X which contain infinitely many points of Ny in any
neighborhood). Consider the set R(E) of Ny x Ny matrices (@;));, jen, With
entries in a (unital associative) ring R such that if {i,}nen,, {Jn}nen, C No
are sequences convergent in X to different points then the vector (&, j,)nen,
is almost all zero. This set is an R-algebra with the usual matrix opera-
tions. Any compact metrizable space can arise as E in this way. In fact
the isomorphism class of the algebra R(E) only depends on E. These alge-
bras are Morita equivalent to some additive categories of free R-mod-
ules continuously controlled at infinity by E appearing in the literature.
These categories play an important role in many areas such as controlled
homotopy theory, proper homotopy theory, C*-algebra theory, K-theory
and L-theory (see for example [1,2,5,9,16]).

The elementary properties of the algebras R(E) have been studied by
Baues—Quintero ([2], V.3) for R=7Z the integers. If E is zero-dimensional,
R(E) is a particular case of the rings considered by Farrell-Wagoner [7].
When E ==x* is a singleton R(E) =RCFM(R) is the well-known algebra



24 FERNANDO MURO

of row-column-finite (or locally finite) matrices over R. This algebra has
been studied from a purely ring-theoretical point of view (see for example
[18]). It was also used by Wagoner [19] to construct deloopings in algebraic
K -theory.

In this paper we concentrate on the representation theory of the alge-
bras R(E). Representation theory considers the decomposition problem in
a small additive category A. A solution to this problem consists of a
set of objects (which we call elementary objects) and of a set of isomor-
phisms (elementary isomorphisms) between finite direct sums of elementary
objects. These sets must satisfy the following properties: any object in A is
isomorphic to a finite direct sum of elementary ones, and any isomorphism
relation between two such direct sums can be derived from the elemen-
tary isomorphisms. Notice that this is exactly a presentation of the abe-
lian monoid Iso(A) of isomorphisms classes of objects in A. The trivial
solution is taking all objects as elementary objects and all isomorphisms
as elementary isomorphisms, however one is often interested in solutions
minimizing the cardinal of the sets of elementary objects and isomor-
phisms.

We say that A has finite representation type if there exists a finite
set of elementary objects and isomorphisms, or equivalently Iso(A) is
finitely presented. The representation type of A is wild if a solution to
the decomposition problem in A would yield a solution to the decompo-
sition problem in the category of finite-dimensional modules over a poly-
nomial k-algebra in two non-commuting variables. Otherwise A has tame
representation type. If A has wild representation type the word prob-
lem for finitely presented groups, which is undecidable, can be embed-
ded in the decomposition problem in A, hence one can not expect to
get satisfactory solutions in this case. The representation type of an
algebra A is that of the category fp(A) of finitely presented (right)
A-modules.

We prove in Corollary 4.4 that the decomposition problem for finitely
presented R(E)-modules contains the decomposition problem for countably
presented R-modules. This makes this problem untractable even for such
an elementary ring as R =727 since all countable abelian groups are count-
ably presented and conversely. For this reason, in the most of the paper we
restrict ourselves to the case R =k an arbitrary field.

One of the main results of this paper is the following theorem, where we
compute the representation type of the algebra k(F) in terms of the cardi-
nality of E, without restrictions on the ground field k.
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THEOREM 1.1. The representation type of k(E) is

card E type
<4 finite
=4 tame
>4 wild

In the finite and tame cases we construct explicit presentations of
Iso(fp(k(E))). Moreover, for E finite, we prove that there are presentations
of Iso(fp(k(E))) with a finite number of elementary isomorphisms and we
compute them. These presentations satisfy the following properties.

THEOREM 1.2. If card E is finite there are solutions to the decomposition
problem in fp(k(E)) with the following cardinals of elementary modules and
isomorphisms

card E modules isomorphisms

1 6 6
2 12 12
3 21 18
> 4 >Ry 6 card E

There are two key steps in the proof of these results. The first is to solve
the decomposition problem for finitely presented RCFM (k)-modules. The
second is to relate the decomposition problem in fp(k(E)) when card E=n
is finite to the decomposition problems in fp(RCFM(k)) and in the cate-
gory of finite-dimensional n-subspaces.

We shall use the category of pro-vector spaces and the inverse limit
functor to construct invariants detecting isomorphism types of finitely pre-
sented k(E)-modules. Moreover, we shall not usually work with the catego-
ries of finitely presented k(E)-modules but with the equivalent categories of
finitely presented modules over certain small additive categories. This alter-
native setting allows more flexibility and technical proofs become less com-
plicated than if we use k(E)-modules.

The results of this paper will be applied to proper homotopy theory in
a forthcoming paper [14]. Homotopy and homology ‘groups’ in the proper
homotopy category of spaces with a fixed space of Freudenthal ends E
are in fact Z(E)-modules. Proper cohomology groups are honest abelian
groups but their coefficients are Z(E)-modules. In proper obstruction the-
ory we find some relevant cohomology groups with coefficients in a proper
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homology module tensored by 7Z/2. These coefficient modules are hence
F,(E)-modules, where [F; is the field with two elements. The representation
theory developed in this paper plays a crucial role in the computation of
some classes in cohomology of categories coming from proper obstruction
theory. These computations lead us to determine in [14] algebraic models
for the proper homotopy types of a certain class of spaces already consid-
ered by Whitehead in ordinary homotopy theory [20].

In order to ease the reading we now describe the contents of this paper.
In Section 2 we briefly recall from [13] the basic tools of ringoid theory
that we need. Afterwards, in Section 3, we introduce the ringoids which are
Morita equivalent to the algebras R(E) and establish their basic properties.
For this we use the approach in [2], generalizing some results in this ref-
erence for R =7 to arbitrary rings. We put emphasis on the case E finite
because we shall always work under this assumption (even for the proof of
Theorem 1.1, see Remark 3.10). In Section 4 we construct an embedding
of the decomposition problem for countably presented R-modules into the
decomposition problem for finitely presented R(E)-modules, where E is any
non-empty compact metrizable space. Section 5 contains basic facts about
pro-categories. In Section 6 we construct some invariants of the isomorphism
class of a finitely presented k(E)-module, E finite. These invariants are used
in Section 7 to classify finitely presented k(E)-modules when E = is just
one point and k(E) =RCFM(k). In particular we prove that this k-algebra
has finite representation type. The classification theorem (Theorem 7.1) is
derived from several technical lemmas. In Section 8 we recall the definition
and representation theory of the n-subspace quiver. We also define the class
of rigid n-subspaces, which plays an important role in what follows. We show
that all but 3n indecomposable representations of the n-subspace quiver are
rigid n-subspaces. In Section 9 we relate the representation theories of both
k(E) and the n-subspace quiver, where 7 is the cardinality of E. The proper-
ties of this relation are established in a series of technical results which lead
us to complete the proofs of Theorems 1.1 and 1.2 in Section 10. In this
last section we compute the structure of the monoid Iso(fp(k(E))) (Theorem
10.1) and give a classification theorem for finitely presented k(E)-modules
(Corollary 10.5) for E finite. This classification theorem explicitly describes
the (finite) set of elementary isomorphisms, and also the set of elementary
objects when E has less than 5 points. We include an Appendix with some
computations of Ext! groups of finitely presented k(E)-modules, E finite,
which will be very useful for [14].

1.1. NOTATION AND CONVENTIONS

In this paper all rings and algebras are associative with unit. We use bold
letters C for categories, R for an arbitrary (non-commutative) ring, Z for
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the ring of integers, and k for fields. As usual N={1,2,3,...} is the set
of natural numbers, and Ny =N U {0} the free abelian monoid with one
generator.

Capital sans serif letters A are names of matrices with entries in some
ring. Here all matrices are square matrices indexed by Ny, and the entry
of a matrix A corresponding to the subscripts i, j €Ny is denoted by a;;,
that is A=(a;j); jen,- The identity matrix is denoted by I, it is defined as
i =1(@{ €Np) and i;; =0 for i # j. The entries of the transposed matrix
Al = (afj)i,jeNo of A are aﬁj =a;; (i, j €Np). Vectors are denoted by (v;)"_,
or (Vu)uen, provided they have a finite or an infinite countable number
of entries. We regard vectors as column matrices, hence matrices act on
vectors on the left.

2. Ringoids and Modules

In this section we recall basic facts about modules over a small ringoid.
Our main reference for this subject is [13].

A ringoid R is a category whose morphism sets Homg(X, Y) are abe-
lian groups in such a way that composition is bilinear. The endomor-
phism set Endgr(X) = Homg(X, X) of an object X has a ring structure
with product given by composition of morphisms. Conversely any ring R
is identified with the ringoid with a single object whose endomorphism
set is R. An additive category is a ringoid with finite biproducts (direct
sums).

An additive functor between ringoids is a functor which induces ho-
momorphisms between morphism sets. Let Ab be the category of abe-
lian groups. A right-R-module M is an additive functor M : R” — Ab.
Morphisms of right-R-modules are natural transformations, and the cat-
egory of right-R-modules is denoted by mod(R) whenever R is small.
Left-R-modules are the same thing as right-R°”-modules, where R is the
opposite category, so every statement about right-modules has a convenient
translation to left-modules. From now on every module is a right-module
unless we state the contrary.

There is a Yoneda full inclusion of categories R C mod(R) which sends
an object X in R to the associated contravariant representable functor
Homg(—, X). These R-modules are said to be finitely generated free. They
are projective by Yoneda’s lemma.

An R-module M is finitely presented (f. p.) if it is the cokernel of a mor-
phism between two finite direct sums of finitely generated free R-modules.
The cokernel of a morphism between f. p. modules is also f. p. In particu-
lar direct summands of f. p. modules are f. p. We write fp(R) C mod(R) for
the full subcategory of f. p. R-modules. If R=A is an additive category,
then a f. p. A-module M is in fact the cokernel in mod(A) of a morphism
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¢: X1 — Xo in A. One can readily check that if N = Coker[y : Y] — Yo]
is another f. p. A-module, any morphism 7 : M — A is represented by a
morphism 1 : Xg — Yy such that there exists 7;: X — Y; with oo =y19.
Another morphism 7;: Xo— Y, represents 7 if and only if there exists n:
Xo— Y1 with 79+ ¥ n=r1;. More precisely, let pair(A) be the additive cate-
gory whose objects are morphisms in A, and morphisms t = (71, 79) :¢ —> ¥
are commutative squares.

X, —2 X,

SRt

Y1L>Y0

There is an obvious functor Coker: pair(A) — fp(A) given by taking coker-
nels. We define in pair(A) the natural equivalence relation ~ with t~ 1’ if
there exists n: Xo— Y; satisfying o+ vy n=r1.

PROPOSITION 2.1. The functor Coker factors through the quotient cate-
gory pair(A)/ ~ and the induced functor Coker: pair(A)/ ~— fp(A) is an
equivalence of categories.

Any additive functor F:R — S between small ringoids induces two
‘change of coefficients’ additive functors F* : mod(S) — mod(R) and F, :
mod(R) — mod(S). The first one is exact and sends an S-module M to the
composite F* M = MTF. The second one is left-adjoint to F* (I, is the left
additive Kan extension along F, see [13], 6) and hence right-exact. More-
over, the next diagram commutes

R S
Yonedal lYoneda (23.)

mod(R) —> mod(S)

In addition if I is full and faithful then so is F,, and in this case F*F, is
naturally equivalent to the identity, see [3], 3.4.1. This follows from the fact
that any R-module admits a projective resolution by (arbitrary) direct sums
of finitely generated free ones. The functor F, restricts to the full subcate-
gories of f. p. modules.

If we identify the endomorphism ring Endr(X) of an object X with the
full subcategory of R whose unique object is X the change of coefficients
F* induced by the inclusion F:Endgr(X) CR is the evaluation functor

evy =F" :mod(R) — mod(Endg (X)) : M — M(X).
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Proposition 2.2 is a useful criterion to detect when a ringoid is Morita
equivalent to a ring. It is an easy consequence of [13], 8.1.

PROPOSITION 2.2. If every object in R is a retract of X then the eval-
uation functor evy is an additive equivalence of abelian categories which
restricts to an equivalence between the full subcategories of finitely presented
modules.

In a more categorical language ringoids are defined as categories
enriched over the monoidal category of abelian groups with the usual
tensor product, compare [4], 6.2. For any ring R one can consider the
monoidal category of R-R-bimodules with the R-tensor product and define
an R-ringoid as a category enriched over it. This is the same as an R-cate-
gory in the sense of [13] when R is commutative. If R is an R-ringoid the
endomorphism ring Endg(X) of an object X is in fact an R-algebra. In this
case R-modules and morphisms between them take values in the category
of (right) R-modules in a natural way.

3. The Algebras R(E) and Related Additive Categories

In this section we give an alternative approach to the algebras R(E) in
terms of modules over certain additive categories.

Given a ring R and a set A we write R{A) for the free R-module
with basis set A. Free R-modules are R-R-bimodules, hence the additive
category of free R-modules and right-R-module homomorphisms is an
R-ringoid. The carrier of an element x € R(A) is the (finite) set carr(x) C A
such that z ecarr(x) if z appears with a non-trivial coefficient in the linear
expansion of x.

For every non-empty compact metrizable space E there exists another
one X containing E such that the complement ¥ =X — E is dense in X.
The triple T=(X, Y, E) can always be chosen to be a tree-like space in the
sense of [2], III.1.1. One can also take X to be the (unreduced) cone over
E, X=CE=E x|[0,1]/E x {1}. Here we identify E with E x {0} inside the
cone CE.

A free T-controlled R-module R(A), is a free R-module R(A) together
with a function «: A — Y, called height function, such that a~'(K) is
finite for every compact subspace K C Y. The set A is necessarily count-
able and the derived set of a(A) in X satisfies a(A) C E. This derived
set is called the support of R{A),. Controlled homomorphisms ¢ : R{A), —
R(B)g are homomorphisms between the underlying R-modules such that
for every x € E and every neighborhood U of x in X there exists another
neighborhood V Cc U of x in X such that if a € A satisfies a(a) € V then
B(carr(¢(a))) C U. The category Mg(T) of free T-controlled R-modules
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and controlled homomorphisms is a small additive category. Moreover, it is
an R-ringoid. The sum and R-actions on morphism sets are given by those
of the underlying free R-module homomorphisms, and the direct sum of
two objects is R(A)y @ R(B)g = R(AU B)(,p), Where AL B is the disjoint
union of sets and («, 8):AUB — Y is defined as « over A and B8 over B.

Remark 3.1. The category Mg(T) is defined in [2] 111.4.7 for T a tree-
like space. However, as it is pointed out in the Remark after that definition,
it is equivalent to the category B(X, E; R) in [5]. In particular Mg(T)
only depends on E up to equivalence of categories preserving supports of
objects (in fact equivalence of R-ringoids), see 1.23 and 1.24 in [5].

Proposition 3.2 shows that free T-controlled R-modules are classified by
the underlying R-module and the support.

PROPOSITION 3.2. Two free T-controlled R-modules R(A)q, R(B)g are
isomorphic if and only if the next two conditions are satisfied:

(1) The underlying R-modules are isomorphic R{A) > R(B),
(2) both have the same support a(A) = B(B).

If the supports are non-empty then condition (1) is automatically satis-
fied. Furthermore, any compact subset K C E is the support of some free
T-controlled R-module.

In the proof of this proposition we shall use the following.

LEMMA 3.3. Given an injective controlled homomorphism ¢ : R{(A), —
R(B)p we have that a(A)' C B(B)'.

Proof. For any e € a(A) we can take a sequence {a,},en C A with
lim «(a,)=e. Since ¢ is injective carr(¢(a,)) is non-empty for every n e N

n—oQ

so we can take elements b, € carr(¢(a,)). By definition of controlled homo-
morphism lim S8(b,) =e, hence e € 8(B)’ and the inclusion holds. |

Proof of Proposition 3.2. The case R=7 and T a tree-like space follows
from [2], I11.4.8 and II1.4.16. In general condition (1) is necessary since
an isomorphism of free T-controlled R-modules is also an isomorphism
between the underlying R-modules. Moreover, condition (2) is necessary by
Lemma 3.3. By Remark 3.1 it is enough to make the proof for tree-like
spaces. In the rest of the proof we shall suppose that T is tree-like.

If «(A)Y =a(B)Y =0 then A and B are both finite and any isomor-
phism R(A)~R(B) is a controlled isomorphism R(A), >~ R(B)p. If a(A)' =
B(B) #0 then A and B are infinite countable, so Z(A) ~Z(B). Since the



REPRESENTATION THEORY OF SOME INFINITE-DIMENSIONAL ALGEBRAS 31

proposition holds for R =7 there is a controlled isomorphism ¢: Z{A), >~
Z(B)g. Now one can check that ¢ ® R: R(A)y >~ R(B)g is an isomorphism
of free T-controlled R-modules.

Finally, given K C E compact, if Z(C), is a free T-controlled Z-module
whose support is K then the support of R(C), is K as well, because it only
depends on y. The proof is now complete. O

The next result follows directly from Remark 3.1, Proposition 3.2 and
the definition of controlled homomorphisms.

PROPOSITION 3.4. Up to isomorphism, the endomorphism algebra of a
free T-controlled R-module with support E only depends on E. Moreover, it
is isomorphic to R(E).

The last isomorphism of this proposition is given by the fact that the
basis of a free T-controlled R-module R(A), with support E must be
infinite countable, and hence it can be identified with the non-negative inte-
gers A =Nj. Moreover, we can suppose that « is the inclusion of a dis-
crete subspace o: A CY, exchanging 4 by «(A) if necessary. Now we are in
the same situation as in the beginning of the introduction. We also derive
from Proposition 3.4 that the isomorphism class of the R-algebra R(E) only
depends on E, as we claimed in the introduction.

PROPOSITION 3.5. Every free T-controlled R-module is a retract of any
object whose support is E.

Proof. Recall from Proposition 3.2 that all objects with support E are
isomorphic. By Remark 3.1 it is enough to check the proposition for T
a tree-like space. For R=7 and T tree-like this proposition is contained
in the proof of [2], V.3.4. The result for arbitrary rings follows from the
special case R =7Z. More precisely, given a free T-controlled R-module
R(A)y, let R(B)g be chosen with support E. Then Z(A), is a retract of
Z(B)g (the supports only depend on the height functions) hence we obtain
a retraction of R(B)g onto R(A), by tensoring by R. O

As a consequence of this Proposition we get by Proposition 2.2 the fol-
lowing equivalence of categories which will be used from now on as an
identification.

COROLLARY 3.6. The evaluation functor in a free T-controlled R-module
with support E induces an additive equivalence of abelian categories
mod(Mz(T)) ~ mod(R(E)) which restricts to another one fp(Mg(T)) =~
fp(R(E)).
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Remark 3.7. If R~ R°P, in particular if R is commutative, the transposi-
tion of matrices and an explicit isomorphism R~ R’ induce isomorphisms
of R-ringoids Mz (T)~Mg(T)? (preserving objects) and R-algebras R(E)~
R(E)°, compare [5], so in this case right-modules over Mg(T) or R(E)
are the same as left-modules.

In Proposition 3.8 we compute the dimension of the k-algebra k(E), k
any field.

PROPOSITION 3.8. dim k(E) = (card k)™.

Proof. The k-vector space of all Ny x Ny matrices is the direct prod-
uct of Ny x Ny copies of k, and it is known that dim nNngok: (card k)™
(see [11], IX.5), hence dimk(E) < (card k)¥. Moreover, for any element
(@n)nen, € ]_[Nok the diagonal matrix (b;;);; € No with b,, = a,belongs
to k(E), therefore k(E) has a vector subspace isomorphic to []y, &, and
dim [y, k=card k™ as well, so the equality of the statement holds. O

3.1. THE SPECIAL CASE card E FINITE

If card E is finite, since E is metrizable, it must have the discrete topology,
so E is the discrete set n with nx card E points. For this particular space
we can take a tree-like space 7, = (f”,,, T,,n), where T, is a locally compact
tree with n Freudenthal ends and 7, is the Freudenthal compactification of
T, (see [2], 1I1.1.3). Moreover, if T is the vertex set of 7, and §:T C T,
is the inclusion, the support of R(T)s is n, in particular R(n) is the endo-
morphism ring of this object. Let us fix the following particular tree 7,,: the
vertex set of T, is

Tn():{UO}U{v:n’ cce U;r:/l}nl}l?

and there are edges joining vy with v{ and v}, with v}, (1<i<n, m>1).
The additive category Mg(7,) is equivalent to the full subcategory of
objects R(A), such that a(A) C T, compare the proof of [2], V.3.4. From
now on we shall always work in this subcategory, and we denote it by
Mg (T,) as well.

We are going to give an alternative description for controlled homomor-
phisms in Mg(7,). For this we define the following sets for any height func-
tion a:A—TOCT, (1<i<n,j>1)

A= Ja ).
I>j

A morphism ¢: R(B)g— R(A), in Mg (T,) is controlled if and only if for
every m > 1 there exists M >1 such that ¢(B),) C R(A}) for any 1<i < n.
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We shall omit the superindex i when n=1. Moreover, for the next sections
we fix the following notation (m >0)

wA=a'w)U| | Je'0D |, wAi=nAnAl

1<ignl<m

Remark 3.9. If n =1,T; = [0, 400) is the half-line and Tl0 = Ny the
non-negative integers. Moreover R(I) is the R-algebra RCFM(R) of Ny x
Np matrices with entries in R such that every row and every column has

a finite number of non-zero entries (row x columnx finite matrices), compare
[2], V.3.8.

Remark 3.10. If E is any compact metrizable space with at least n points
we can fully include Mg(T,) into Mg(T). For this we only need to take
n disjoint sequences {v! },,>1 (1 <i<n) contained in Y converging in X to
n different points belonging to E, and an additional point vo €Y out of
the sequences. Now we identify Mg (7,) with the full subcategory of Mg (T)
given by objects R(A), with a(A) C {vo} U {v}n,...,vzl}m>1. If we write F
for this full inclusion, we get another full inclusion F, :mod(Mg(T},)) —
mod(Mg(T)) together with a retraction up to natural equivalence F* :
mod(Mg (7)) — mod(Mg(7,)). Moreover, the first functor F, restricts to the
full subcategories of f. p. modules, see Section 2, hence the decomposition
problem for f. p. R(r)-modules is included in the decomposition problem
for f. p. R(E)-modules, in particular we only need to prove Theorem 1.1
for card E finite.

4. Countably Presented R-Modules as Finitely Presented
RCFM(R)-Modules

There is a full exact inclusion of abelian categories
i:mod(R) — mod(RCFM(R))

defined by i M =Hompg(R(Ny), M). The ring RCFM(R) acts on iM by en-
domorphisms of R(Ny).

Let f:Mg(T;) — mod(R) be the forgetful functor which sends a free
Ti-controlled R-module to its underlying R-module. The RCFM(R)-mod-
ule iM can be regarded as the functor i M =Homg(§, M):Mg(T})%” — Ab.

PROPOSITION 4.1. The functor i has an exact left-adjoint v such that ©i
is naturally equivalent to the identity functor. Moreover, v can be chosen to
be the evaluation functor in a free T\-controlled R-module with one generator.
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Proof. Let R(e)y be a free Ty-controlled R-module whose basis is a sin-
gleton {e} (all these objects are isomorphic in Mg(7T;) by Propostion 3.2).
The endomorphism ring of this object is R, hence the evaluation func-
tor evgy,, takes values in the category of R-modules. Let us see that the
exact functor evgy,, is left-adjoint to i. A left-adjoint for i exists as a
consequence of the adjoint functor theorem, see [3], 3.3.7, so we have just
to check that Homy,, 7, (R(A)q, iM)=Homg(evg, R(A)y, M) for any free
T)-controlled R-module R(A), in a natural way. This follows from the obvi-
ous natural identification evg(,), R(A)s = R(A) and Yoneda’s lemma. O

COROLLARY 4.2. If M is an R-module and N' an RCFM(R)-module then
there are natural isomorphisms (n >0)

Extl gy (N, iM) ~Exty (v N, M).
In particular if R=k is a field the RCFM(k)-modules iM are all injective.

An R-module is countably presented provided it is the cokernel of a mor-
phism between free R-modules with countable basis. Obviously the coker-
nel of a morphism between countably presented R-modules is countably
presented as well. In particular direct summands of countably presented
R-modules are countably presented.

PROPOSITION 4.3. The functor i sends countably presented R-modules to
finitely presented RCFM(R)-modules.

In the proof of this proposition we shall use the row-column-finite matrices
A and B defined by

® a,;1,=1 (ieNp) and a;; =0 in other cases,
° bnm;n%mfzm“ =1 for any n>0 and 0<i <n, and b;; =0 otherwise.

And we regard RCFM(R) as the endomorphism R-algebra of the free 7T;-
controlled R-module R{Ny)s, where §: Ny C [0, +00) is the inclusion, see
Remark 3.9 and Proposition 3.4.

Proof of Proposition 4.3. Since i is exact it will be enough to check the
proposition for the countably presented R-modules R and R(Nj). Recall
that Homy,, 7, (R(No)s, i M) =Homg(R(No), M) for any R-module M. The
RCFM(R)-modules iR and i R(Ny) are the cokernels of (I—A) and (I—-B),
respectively. The natural projections onto the cokernel are given by the ho-
momorphisms R(Ny) - R and R(Ny) — R(Ny) defined on generators by
nt—~>1 m>0) and (n(n+1)/2)+i—i (n>i>0), respectively. O
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As a consequence of Propositions 4.1 and 4.3, and Remark 3.10 we get
Corollary 4.4.

COROLLARY 4.4. The representation problem for countably generated
R-modules is embedded in the representation problem for finitely presented
R(E)-modules, where E is any non-empty compact metrizable space.

5. A Review on Pro-categories

Here we recall the definition of pro-objects and pro-morphisms and some
of its basic facts. We refer to [6,12] for further results on this subject used
in this paper.

Any partially ordered set (poset) A can be regarded as a small cate-
gory with a unique morphism u — v provided u > v,u,ve A. A poset A
is directed if given u,v € A there exists w e A with w > u, v. Moreover, A
is cofinite if the set {u € A;u <v} is finite for every ve A.

A pro-object or inverse system X, over a category C is a functor X,:
A — C, where A is a directed cofinite poset. If u € A we usually write X, =
X.(). The morphisms X,(u — v) (u,v € A,u > v) are the bonding mor-
phisms of X,, and A is the indexing set of the inverse system.

The category pro-C has objects inverse systems over C. Morphism sets
are given by the following formula

Homyo-c(X., Y,) =1lim colim Homc(X,, Y,). (5.a)

We identify any object in C with the inverse system whose indexing set
is a singleton A =s*. This defines a full inclusion of categories C C pro-C.
This inclusion has a right-adjoint, the (inverse) limit functor lim : pro-C —
C, limX,=Ilim, X,.

The category pro-C is abelian whenever C is, see [6], 6.4. This will be
always the case, because we are only going to use in this context the cat-
egory C =mod(k) of k-vector spaces. If V is a vector space and X, an
inverse system of vector spaces, then by (5.a)

Hompro-mod) (V, Xo) =lim Homy (V, X,) = Homy(V, lim X,).

Hence, since Hom,(V,—) is an exact functor in the category of vec-
tor spaces, the Grothendieck spectral sequence (see [10], 9.3) yields an
isomorphism

EXt} o -modcy (Vs Xo) =Homy (V, lim' X,). (5.b)

pro
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6. Numerical Invariants of Finitely Presented k(r)-Modules

In this section we shall define invariants of the isomorphism class of a f.
p. k(n)- module lying in the abelian monoids N, (n > 1). The abelian
monoid Ny, has n+1 generators

1,001,...,00,
and 2n relations
1 4+ 00; =00, 00; +00; =00;, (1<i<n).

As a set N, 1

Noo,n=NO|—| OOS:ZOO,,Q#SC{I,H}}

ieS

For the sake of simplicity if n=1 we write Ny ; =Ny and oo; =o00. The
notation of Section 3.1 will be used without any further mention.

Let ¢ :k(B)g — k(A), be a morphism in M, (T,). We define the element
Ay €Ny, 1n the following way: if the vector space

k(A)
M1 2imi [k(AL) + @ (k(B))]
is finite-dimensional then A, = dimL,, otherwise A, = cos, where S C

{1,...,n} is the biggest subset such that if i ¢S then there exists M > 1
with k(A',) Ce(k(B)).

L,=

PROPOSITION 6.1. The element X\, only depends on the isomorphism class
of the f.p. k(n)-module Coker ¢, and Ayagy =hy+ry.

Proof. One can readily check by using the alternative description of con-
trolled homomorphisms given in Section 3.1 that the correspondence ¢ +—
Y (¢) =L, defines an additive functor Y from pair(My(7,,)) to the category
of k-vector spaces. Moreover, if V¥ is the inverse system of k-vector spaces
indexed by N given by (1 <i<n)

yoi _ KAL) + o (k(B))
" o(k(B))

and the obvious inclusions as bonding morphisms, the correspondences
@ O;(p) = V¥ also define additive functors ©; from pair(My(7,)) to
the category of pro-vector spaces. Furthermore, it is easy to see that the
functors Y, ®; (1 <i <n) factor through the natural equivalence relation ~
in pair(M(T},)), hence the first statement of the proposition follows from

El
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Proposition 2.1 and the fact that A, is defined as dimY'(¢) provided this
vector space is finite-dimensional, and otherwise A, =oog, where S={i €
{1,...,n}; ®;(¢) 20}. The second part of the statement follows from the
additivity of the functors T, ®; (1 <i<n). O

If the following vector space has finite dimension,

M1 [K(AL) +@k(B))]

M. = :
Moo { (KAL) + 9K (BY] N[ X, k(40 + 0k (B}

12

’

the element p), € Noo (1 <i <n) is defined as ju,=dim M, otherwise u!=oc.

PROPOSITION 6.2. The elements ,uﬁa (1<i<n) only depend on the isomor-
phism class of the f.p. k(n)-module Coker ¢, and /pr@,/, =pr+,uf;p.

Proof. By using the characterization of controlled homomorphisms given
in Section 3.1 one readily checks that the correspondences ¢ M; define
additive functors from pair(M(7,)) to the category of k-vector spaces.
Moreover, these functors factor through the natural equivalence relation ~,
hence the proposition follows from Proposition 2.1. |

In order to define elements v; €Ny (1<i<n) we introduce inverse sys-
tems of k-vector spaces U, indexed by the set N x N with the product
partial order, given by

K(AL) N (k(B))
K(AL) N (k(BT))’

Yl _
qu -

and bonding homomorphisms induced by the obvious inclusions of vector
spaces. If the limit of UY' is finite-dimensional we set v, = dimlim U,
otherwise v/ =ooc.

PROPOSITION 6.3. The elements v; (1<i<n) only depend on the isomor-
phism class of the f.p. k(n)-module Coker ¢, and vl,q , =vi+vi,.

Proof. One can check by using the description of controlled homomor-
phisms given in Section 3.1 that the correspondences ¢+ U are additive
functors from pair(M(7},)) to the category of pro-vector spaces, and these
functors factor through the natural equivalence relation ~, hence the prop-
osition follows from Proposition 2.1. O

Propositions 6.1-6.3 are summarized in the following corollary.
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COROLLARY 6.4. There are well defined morphisms of abelian monoids
(neN)

@, :Iso(fp(k(1))) > Noo.w x | [Neo x [ [ Neo
i=1 i=1
which send the isomorphism class [M] of a f. p. k(n)-module M =
Coker ¢ to
By M) = (A, (1), (),
From now on we shall write Anq=A,, u)y =), and vi, =v} (1<i<n)
if Mx Coker ¢ and omit the superscript i when n=1.

Remark 6.5. There are n full inclusions F! : M, (T}) — My(T,) (1<i<n)
defined by identifying 7' =N (see 3.9) with the subset {vo} U{v },>1CT,
in the obvious way, (see Remark 3.10).

Proposition 6.6 can be easily checked by using the commutativity of
(2.a) and the right-exactness of the functors F..

PROPOSITION 6.6. If M is a f. p. k(1)-module then for every 1<i<n
® Apim=rm If Am €Ny, and Api pq = 00; otherwise,
® Wi pq =M and pg =0 if j#i,

/ _ j _ . . .
. VllF;M—”M and V]F;M_O if j#i.

7. Classification of Finitely Presented RCFM(k)-Modules

Recall from Remark 3.9 that the k-algebra k(1) coincides with RCFM(k),
the k-algebra of matrices A = (@;;); jen, With entries in k such that every
row and every column has at most a finite number of non-trivial entries
(row-column-finite matrices). Those matrices are the endomorphisms of the
free Tj-controlled k-vector space k(Np)s, where §:NoC [0, +00) is the inclu-
sion of the vertex set. The unit element of the k-algebra RCFM(k) is the
identity matrix | with i;; =1 (i eNp) and i;; =0 if i # j. For the sake of sim-
plicity we abbreviate R =RCFM(k).

Consider the matrices A and B used in the proof of Proposition 4.3,
they are defined as

® a,;1,=1 (ieNp) and a;; =0 in other cases,
° bn(n;rl)_i_l',(n;l)n Li=1for any n>0 and 0<i <n, and b;; =0 otherwise.

We define the following R-modules



REPRESENTATION THEORY OF SOME INFINITE-DIMENSIONAL ALGEBRAS 39

A=R/(AR),
B=R/((I-AR),
C=R/((I-A)R),
B =R/((1-B)R),
Coo=R/((I-BHR).

The main result of this section is as follows.

THEOREM 7.1. (Classification of f. p. RCFM(k)-modules). There is a
solution to the decomposition problem in the category of f. p. RCFM(k)-
modules given by the following elementary modules

A, R7 B» BOO’ Ca COO’
and elementary isomorphisms
APR=TR, ROR=R, B® Boo > Beo,
Boo ® Boo >~ Bao,s CPHCoo>Cxo, Coo ®Co0 = Cxo.

This theorem implies Theorems 1.1 and 1.2 for card E=1. It is a direct
consequence of the next two results. We shall use the following notation.
Given n e Ny we write A,, B, and C, for the direct sum of n copies of A, B
or C, respectively, and A, =7R.

THEOREM 7.2. For every f. p. R-module M there is an isomorphism
M:AAM @BMM @CVM.

PROPOSITION 7.3. We have the following equalities:

®,(A)=(1,0,0),
®,(B)=(0,1,0),
®,(C)=(0,0, D),

®1(R)=(00,0,0),
®1(Boo) =(0, 00, 0),
®1(C0) = (0,0, 00).

In particular we have that the following corollary.
COROLLARY 7.4. The monoid morphism
@ Iso(fp(k(1))) = Ny X Ny X Ny

is an isomorphism.

The proof of Proposition 7.3 will be given later. Theorem 7.2 is a direct
consequence of Lemmas 7.18-7.20 and 7.22. They are the hardest technical
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results of this paper. In fact the rest of this long section is highly techni-
cal. It is focused towards proving Theorem 7.2, although some interesting
corollaries on the homological algebra of finitely presented R-modules are
derived from the technical lemmas. These homological results are used in
the proof of Theorem 7.2 as well as in the appendix. The reader can skip
this material in a first reading. We shall use the notation from Section 3.1
with no explicit mention.

The next result is an easy computation.

LEMMA 7.5. The following equalities hold in R:

(1) A'A = |,
) BB =1

Lemma 7.6 follows directly from Proposition 3.2.

LEMMA 7.6. Two free Ty-controlled k-vector spaces k(A)o,k(B)g are iso-
morphic in My(Ty) if and only if A and B have the same cardinality.

LEMMA 7.7. The R-module A is isomorphic to any l-dimensional free
T\-controlled k-vector space.

Proof. If k(e)y is a 1-dimensional free Ty-controlled k-vector space, the
cokernel of A is given by the controlled homomorphism ¢ :k(No)s — k{e)
defined over the basic elements as 0+ ¢ and n+— 0 for n> 0. O

The proof of Proposition 7.3 is as follows.

Proof of Proposition 7.3. In this proof we omit some straightforward
but tedious computations which can be carried out by the interested reader
with not too much dificulty. We shall write N, (p > 1) for the set of
naturals > p.

The R-module R corresponds to the free Tj-controlled k-vector space
k{(Np)s, where 8 : Ny C [0, +00) is the inclusion, hence it is the cokernel
of the trivial morphism 0:0 — k(Ny)s, and the equalities Ag = 00, ur =
0 hold immediately, moreover, U} , = k(N,,) for all m,n €N, and given
M >m,N >n the corresponding bonding homomorphism in U? is the
inclusion Uy, y =k(Ny) Ck(N,) =U),, therefore lim U? =", e k(N,,) =0
and v =0.

By Lemma 7.7 the My (7})-module A is the cokernel of the trivial mor-
phism 0— k(e)y, where k(e)y is a 1-dimensional free Ty-controlled k-vector
space, hence the equality ®;(A)=(1,0,0) follows easily.

meN
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One can check that k(N,) + (I — A)(k(Ny)) = k(Ny) for all n € N, and
k(Ng)/(I — A)(k(Np)) >~ k generated by the class of any n e Ny, so Ag=0
and up=1. Moreover, k(N,) N (I — A)(k(Np)) = (I — A)(k(N,;)) and hence
UL =0 for all neN, therefore limU{™ =0 since the diagonal subset
{(n,n);neN}CNxN is cofinal, so vg=0.

One can see that (I — A")(k(Np)) =k(Ny), hence Ac =0= uc, moreover
(I— A" (k(N,)) is generated by the set {m — (m —1)},, > ,,, therefore U;':lA;) ~
k generated by the class of any m >n — 1 and the bonding homomor-
phism U,E!;fl) — U,fl_*f;) is an isomorphism, so again by cofinality we see
that lim U.("A[) ~k, in particular ve=1.

The vector space k(N,)+ (I —B)(k(Np)) is the whole k(Np), so Az =0,
moreover, a basis of k(No)/(I —B)(k(No)) is {n(n+3)/2},c,. hence up, =
oo. One can check that k(N,) N (I —B)(k(Ny)) = (I — B)(k(N,,)), therefore
Ul®=0,limu!® =0 and vg_ =0.

Finally (I—B")(k(Np)) =k(Np), so Ac, =0=puc_, and there are isomor-
phisms (n € Ny)

B nn+1) nn+1)
Ufnﬂ);)ﬂ)yw :k< +n ’

)
moreover, the following bonding homomorphism (n > 0)
(1-B"
nn+l) @—Dn
)

(1-B"
U(n+l){n+2) n(n+1) - U
2 > 2 2

sends (n(n+1)/2)4+m to (m—1)n/2)+m if m<n and m(n+1)/2)+n to
the trivial element, so lim U{~8" =[xy, & is the direct product of an infinite
countable number of copies of k and the equality vc =00 holds. O

LEMMA 7.8. There is an R-module isomorphism R/BR~TR.

Proof. Let ACNy be the infinite subset A={n(n+3)/2},.y,» and a:AC
Ny the inclusion. The next sequence, where ¢ is the obvious projection, is
exact

k(Nos <> k(No)s 5 k(A)g.

Hence the lemma follows from Lemma 7.6. O

LEMMA 7.9. Left-multiplication by one of the following matrices induces an
injective right-R-module homomorphism R — R,
A’ (I _A)’ (I _At)’ (I - B)’ (I - Bt)'

Proof. The matrix A has a left-inverse in R by Lemma 7.5. The other
matrices have a left-inverse either in the k-algebra CFM(k) of column-finite
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matrices or in the k-algebra RFM(k) of row-finite matrices. Both k-alge-
bras contain R, moreover, R = CFM(k)NRFM(k). The k-algebra CFM(k)
is just the endomorphism ring of the k-vector space k(Np), and there is an
isomorphism RFM(k) >~ CFM(k)°? given by transposition. More precisely,
let C,D be the matrices in RFM(k) defined by C}j =11if i >j and zero

otherwise, and dw-—im iy iy ;=1 (m>n>i>0) and trivial in other cases.
One can check that C(I—A)_I C'(I—-AH=I,D(—-B)=I and D(I-B") =1,
hence the lemma follows. O

PROPOSITION 7.10. There are extensions of R-modules

(1) A= B—C,
(2) R By — Con.

Proof. By using Lemmas 7.5, 7.8 and 7.9 we get the following equalities,
isomorphisms and short exact sequences, which correspond to the exten-
sions of the statement

R _ (=ADR _(I—A’)RQ R R
AR (I-ADAR  (—-AR (I-AR (-AHYR’
_ R _(=BYR (-BHR R R

“BR_(-B)BR _(-BR _ (-BR (-BIR’
[l

The proof of the following proposition is contained in the proof of
Proposition 4.3.

PROPOSITION 7.11. Given a k-vector space V, if dimV <Ry then iV =
Baimv, and iV =By if dimV =R,

Corollary 7.12 follows from Proposition 7.11 and Corollary 4.2.
COROLLARY 7.12. The R-module B, is injective for every d € Ny,

In Lemma 7.13 we show that one can adapt the basis of a countably gen-
erated vector space to a decreasing filtration.

LEMMA 7.13. Let VoD V1 DDV, DV, 1D+ be a decreasing sequence
of k-vector spaces such that Vy is the union of an increasing sequence of
finite dimensional subspaces V) CV}cC---cVycvit .-, Vo= Unen, Vo'
If we set V ) Vin=Vinv, (n+1 meNO) V. ﬂneNO V,, and choose
(finite and posszbly empty ) sets {a’, ;1 <1 < ruyn} C V" such that the sets

nm’

{anm—i_(vnr; 1—i_Vn-H) 1<l<rnm}
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are basis of V,;;/(Vn’;_1 + Vo) (n,m e Ny), then given m,n, p € No with
m<p

(1) af;f+V;;i<n,m<j<p,l < l,-jgrl-j} is a basis of V!!/V",

@) {al +Vasi<nom < j 1<l < r,.,} is a basis of (V"' + Vss)/ Vi,

3) af?%—Voo;ieNo,m <1< < rij} is a basis of V,,/ Voo

Proof. Since V' is a finite-dimensional vector space it is artinian and
the decreasing sequence Vi D V/'D---DV CV, D stabilizes, that is,
there exists M, € Ny such that V) = Vi, for every m > M,, in particular
Vir, = Vo' N V. If we choose for every n €Ny the minimum M, satisfying

this condition then M, < M, since

Vi o=V OV =VEn Vi, 0V Ve =V N Ve =V, .

n+1

Notice that (1) is trivial for m > M, since Vj = V] = Vy and
{afi; 1 <I<rij}=9 whenever p >m > M,,i <n and j > M,. Therefore the
elements (n,m, p) for which we still have to check (1) lie in the set S =
{(n,m, p);neNy,0<m < M,, p>m}. Let us order this set in the following
way

n<n
or
(n,m,p) < (' ,m',p) & {n=n"and m>m’
or
n=n',m=m' and p < p’.

One readily checks that this is a well order on S, since the second
coordinate has an upper bound (depending on the first one). The mini-
mum of S is (0, My, My), moreover if m < M, the element (n,m,m) is the
least upper bound of {(n,m + 1, p); p > m}, and given n > 0 the element
(n, M,, M) is the least upper bound of the set {(n — 1,m, p);m<M,_,,
p>m}. Any other element in S is a successor. We have already checked
(1) for the elements (n, M,,, p) € S, moreover, it is trivial for (n,m,m) € S,
hence (1) holds for the minimum and all limit elements in S. A generic
successor in S has the form (n,m, p+1) for some p>m. Notice that we
have already checked (1) for some successors as well, namely for those with
m=M,. We are now going to proceed by induction, that is, we shall prove
(1) for every successor in S with m < M, supposing that (1) holds for all
the strictly lower elements. We are going to distinguish three cases:

For (0,m, p+1) (1) follows from the exactness of the sequence

0
v VoV
\% 0

_yy M
V() VO’
p+1 p+1 P
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the equality VO_1 =0 and the inequality (0,m, p) < (0,m, p+ 1), and the
inequality (0, p+1, p) <(0,m, p+1) if p <My or the equalities V[?: V;?+1 =
VA(EIO and {aép; 1<I<ryp}=0 if p>M,.

For (n,m,m+1) with n>0 (1) is a consequence of the exactness of the
sequence

n—1 n n n
Vm :_Vm—&-l N ‘Zm s IVm ,
n—
Vm+1 Vm+l Vi~ + Vl’:’l1+l

the obvious isomorphism

-1 n—1 n
Vn’z ~ Vm + Vm+l

n—1 n
Vm+] ‘/m-i-l

’

the inequality (n—1,m,m+1) <, m,m+1) if m <M, _;, or the equalities
Vn’j‘l = Vn’;jrll = VA’}: and {afn; I<i<rp}=0ifi<n—1and m>M,_;.
For (n,m, p+1) with n>0 and p>m (1) follows from the exactness

of the sequence
Vi v
—> —»

n n _n’
Vp-H Vp+1 Vp

the inequality (n,m, p) < (n,m, p+ 1), and the inequality (n, p,p+1) <
(n,m, p+1) if p <M, or the equalities V; =V =V}, and {afp; 1<I<r,)=
@if i<n and p>M,.

Once we have seen that (1) holds, (2) is a consequence of (1) for
p = M,, the isomorphism (V,; + V)/ Ve = V,;/Vy . and the fact that
{afi; 1 <I<r;j}=0 is the empty set for i <n and j > M,. Finally (3) follows
from (2) and the equality V,, =, oy, Vii-

Proposition 7.14 is an interesting consequence of Lemma 7.13. It does
not hold in general when the ground ring is not a field, compare [1].

PROPOSITION 7.14. The image of a morphism between finitely generated
free M (T1)-modules is finitely generated free.

Proof. Let ¢ :k(B)g — k{A), be a morphism in M, (T}). We can apply
Lemma 7.13 to the k-vector space Vy=¢(k(B)) and the subspaces V, =
p(k(B,)) Ck(A) (neN) and V' =¢(k(,B)) (n>0). Moreover, with the nota-
tion of that lemma V., =0 since for every n>1 there exists N,>1 such
that Vy, C k(A,) and N, 1k(A,) =0. We define the set B = {aj;;i,; €
No, 1 </<r;;} and the function g:B — Ny C [0, +00) by B )=m. By
Lemma 7.13 (3) the set B is a basis of V, and B, a basis of V,, (m>1)
since V,=0. The function 8 is a height function because the cardi-
nal of B~'(m) is dim V,,/V,11 < Ry (m € Ny). Moreover, the inclusion
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k{(B)=¢(k{(B)) Ck(A) and the projection k(B) — @(k(B)) =k(B) give rise
to controlled homomorphisms k(B)g < k(A), and k(B)g — k(B)g which
are an My (T})-module monomorphism and epimorphism, respectively, and
their composition is ¢ hence k(B)g together with these morphisms is the

image of ¢. O

COROLLARY 7.15. Any finitely presented Mk(Y_"l)meEZule is the cokernel
of a monomorphism between finitely generated free My (T1)-modules.

COROLLARY 7.16. Finitely presented R-modules have projective dimension
<L

COROLLARY 7.17. We have Ext'(M,Cy) =0 for any f p. R-module M
and d € N

Proof. By Corollary 7.16 the functor Ext!(M, —) is right-exact, hence
the corollary follows from Proposition 7.10 and Corollary 7.12. |

Now we begin with the lemmas which prove Theorem 7.2.

LEMMA 7.18. Given any f p. R-module M, there exists another f. p.
R-module N with k=0 such that M~ A, ., &N.

Proof. Suppose that M =Coker ¢ for some ¢:k(B)g— k(A), in M (T)).
Let us consider the decreasing sequence of k-vector spaces given by
Vo=k(A)/e(k(B)) and

k(An) +¢(k(B))
@(k(B))

The vector space Vy is the union of the following sequence of
finite-dimensional k-vector spaces (n € Ny)

o kluA) +9(k(B))

, neN.

n:

" ek(B)

If {al,; 1<I<ru,}C V" is a set as in Lemma 7.13 we can suppose that
al, =e +¢k(B)) for some ¢, €k(,A,), here we use the next obvious
isomorphism

knAm) kb An) +o*k(B) _ .,
k(nAm) N(k(B)) @(k(B)) "

We consider the set C = {af;;;; 4+ Voosn,meNy, 1 <l <rum} and the func-
tion y:C — Ny C [0, +00) with y(afl",,"; + V&) =m. This function is a height
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function, since the set y~!(m)= {a,;',;'; 4+ Voos n € No, 1 <1y <7} 18 bijective
with a basis of V,,/V,,.1 by Lemma 7.13 (3), and we have the following

surjection and isomorphisms

k{Am) k(Am) _ Kk(Am) +@k(B)) _ Vu
k{An1)  k{An1) +@((B) Nk(A)]  k(Api1) +@(&(B)) ~ Viy1’

where dimk(A,,)/k(Au+1) = card a~'(m) < Ry. The underlying k-vector
space of k(C )y is Vy/ Vs, moreover, the natural projection
k(A Vi
k(A) — (A4) ~ 0 _kC) (a)
N [k{An) +@(k(B))] Ve

n>1

gives rise to a Tj-controlled homomorphism v :k(A) — k(C), with vop =
0, hence vy induces a morphism v: M — k(C),. Furthermore, the sec-
tion Vy/Vs <> k(A) which sends da’, + Vo to el determines another
Ty-controlled homomorphism 791 k(C), = k(A)y with vy79=1, in particu-
lar if 7:k(C), — M is the morphism induced by 7y we have that vt =
1, hence M ~k(C), @ N' where N'=Coker 7. Notice that the morphism
(¢, 70) :k(B)g ®k(C), = k(A), is a finite presentation of N, and by (a) we
have the following equality and inclusions for every m > 1

)= () [k(An) + @ k(BN T(K(C)) Ck({An) +@(k(B)) +T(k(C)) Ck(A),

n>=1

therefore A =0.

Observe that by Lemmas 7.6 and 7.7 k(C), is isomorphic to the free Ti-
controlled k-vector space which corresponds to R provided A4 =00, and
to the direct sum of A4 copies of A otherwise. |

LEMMA 7.19. Given a f. p. R-module M with * =0, there exists another
S p. R-module N with A= pupn =0 such that M~B,,, ®N.

Proof. Suppose that M is the cokernel of ¢ :k(B)g— k(A)y In M (Ty).
Since A =0 we have that k(A) =k(A,,) + ¢(k(B)) for every meN. Let V,
be the inverse system indexed by N x N given by

k{Am)
k(An)N@(k(By,))’

and bonding homomorphisms induced by the obvious inclusions of vector
spaces. There are inclusions Uy, C V,,, with quotients

k(Am) K(An) +o(k(B)) _ _k(A)
k(Anw) N@(k(B)) —  @(k(B)) o(k(B))’

an =
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This determines a short exact sequence in the category of pro-vector
spaces

Ul —V,— k(A) . (a)
@(k(B))
Here we regard k(A)/@(k({B)) as the inverse system indexed by a singleton.

The vector space Uy, is always finite dimensional, because it is con-
tained in @(k(B))/@k{(B,)) ~ ¢(k{,_1B)) and ,_;B is a finite set. Since
finite-dimensional vector spaces are artinian it is easy to see that UY
satisfies the Mittag—Leffler property, in particular lim' U¢ =0 and hence
by (5.b) Ext!(k(A)/@(k(B)),U¢?) =0, so the sequence (a) admits a split-
ting s : k(A)/@k(B)) — V,. This splitting is given by splittings s, :

A)/@(k(B)) = V,,, of the natural projections V,,,, - k{A)/@(k(B)) which
are compatible with the bonding homomorphisms of V.

Let C be a basis of k(A)/@(k(B)). This basis is either finite C =
{bi,....,b,,} If pp €Ny, or infinite countable C = {b,}nen, If pupm =
0o. Moreover, since ¢ is controlled there exists an increasing sequence
of natural numbers {/,},-1 with ¢(k(B;)) C k(A,). We choose elements
b'~'ek(A,) and y"~'€k(B;) such that b"~!' +@(k(By,)) = 5,1, (bw) € Vyrs, =
k{A,)/@(k(By)) and @(y"~ ‘)—b;; — b1 for every neN and m in the cor-
responding range. Furthermore, we define the sets "C C k(A,;,) and C in
the following way: "C={b},....b,, } and C=]],, "C=if urp €Ny, and
"C=A{by,....bp}U{by;m>n} and C=J, oy, "C={by;n>m>0} if py=
oo. Let y:C —>No C [0, 400) be the height function given by y (b)) =n and
¥ the endomorphism of k(C), given by ¥ (b")=>b"+!1—p".

One readily checks that Coker ¥ =1(k(A)/@(k{B))) and the natural pro-
jection k(C), — i(k(A)/@(k(B))) is given by the homomorphism p;:k(C) —
k(A)/@(k(B)) =k(C) defined by p1(b) =b,. For this one uses the finite
presentations constructed in the proof of Proposition 4.3 and, if ua =00,
the bijection Ny~ C which sends m € Ny, with n(n —1)/2<m < (n + 1)n/2
for some n eNy, to b” 1,1(” , - Moreover, by Proposition 7.11 Cokery =B, ,,

The homomorph1sm ro k{C) — k{A) induced by the inclusions "C C
k(A,41) Ck(A) determines a controlled homomorphism 7j:k(C), — k(A)q.
Moreover, the homomorphism 7;:k(C) — k(B) given by 7;(b),) =y, defines
a controlled homomorphism 7t : k(C), — k(B)g with @11 =199, hence 9
gives rise to a M (7;)-module morphism 7:B,,,, — M.

Let us check that r is a monomorphism. Given a free 7Tj-controlled
vector space k(D), Yoneda’s lemma yields a natural identification
Homp (k(D)y, i (k(A)/@(k(B)))) =Homy(k(D), k(A)/@(k(B))). This identifi-
cation carries a morphism v:k(D)y — i(k(A)/@(k(B))) represented by vy:
k(D)y — k(C), to the vector space homomorphism pjvy. If pr:k(A) —
k{A)/o(k(B)) is the natural projection then p,¢ =0 and p; = p>19. More-
over v =0 if and only if Tgvy =¢n for some controlled homomorphism
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n:k(D)y — k(B)g, so in this case pivg= patovg = pren =0, that is, v=0,
therefore t is a monomorphism.

By Corollary 7.12 if N'=Cokert then M ~B,,, @ N. The morphism
(¢, 70) 1k(B)g ®k(C), — k(A), is a finite presentation of A and by con-
struction @(k(B)) + 7o(k(C)) =k(A), it is Ay = pun =0. 0

LEMMA 7.20. Let M be a f. p. R-module with pq = s =0 then there
exists another one N with kn = pun =vn =0 such that M>~C,, ®N.

In the proof of this lemma we shall use the following.

LEMMA 7.21. Let {d,},en be an increasing sequence of integers with
lim d, =o00. Consider the set A={(n,m);neN,m<d,} CNxN, the height

n—oo

function a:A— Ny C[0, +00) with a(n,m)=n, and the endomorphism ¢ of
k{A)y with g(n,m)=m,m) if n=1or n>1 and m >d,_,, and ¢(n,m) =
(n,m)— (n—1,m) otherwise. Then Coker ¢ is isomorphic to Cx.

Proof. Consider the infinite countable subsets
Ar={(I,m); 1<m<d\}U{(n,m);n>1,d,_1 <m<d,}CA,

Ay=A—-A,, Bi={(n+1)n/2},en, CNy and B, =Ny — B;. The lexicographic
order from the left on A is a well order without limit elements, since the
second coordinate of an element (n,m) € A is bounded by d,, hence the
restriction of this order to the subsets A; and A, induces enumerations
Ap={ef}nen, and Ay ={e}},cn,. Similarly the usual order in Ny induces enu-
merations in the subsets By ={f{'},en, and By ={f}'},en,- Now the theorem
follows from the bijection Ny~ A which sends f" to el (i=1,2;neNy). O

Proof of Lemma 7.20. If M = Coker[p: k(B)g — k(A)y] the equalities
Am = pum =0 are equivalent to ¢(k(B)) =k(A). Let ¢ :lim UY — U¢ be
the canonical pro-morphism. This pro-morphism is given by vector space
homomorphisms ¢,,, : lim U¢ — U,,, compatible with the bonding homo-
morphisms of U?. Since ¢ is controlled there is an increasing sequence of
natural numbers {m,},~ such that ¢(k(B,,)) Ck(A,).

If vaq e Ng and f{ay,...,a,,,} 1s a basis of lim U¢, we define "C =
{af,....ay, } C k(A,) as a set such that @, ., (a) = a + @(k(By,))
(I<i<van), and choose elements y! ek(B,,, ,) if n>1 and yl.1 €k(B) with
a'—a"'=p(" (n>1) and a! =p(y}). If vA=o00 we take ”C:{a{’}f’;l C
k(A,) such that {a" 4+ @(k(B,,))}", is a basis of ¢, (lim U¢), here we
use that U¢ is an inverse system of finite-dimensional vector spaces, com-
pare the proof of Lemma 7.19. The bonding homomorphisms of U¢ induce

surjections @py1,m,,, im U¢) = ¢, (lim U¢), hence d, <d,+; and we can
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suppose without loss of generality that there exist y!' €ek(B,, ,) (n>1) and
y! €k(B) such that ! —a"'=¢(y") if n>1 and i <d,_;, and a’ =@(y") if
n>1and d,_1<i<d, or n=1 and i <d.

We define the height function y:C=]],.,"C— Ny C[0, +00) as y(a}') =
n, and the controlled homomorphisms 7y : k(C), — k(A)y, 11 : k(C), —
k(B)g, ¥ :k(C), = k(C), by to(a’)=al, ti(a]')=y", and ¥ (a’)=a —alf’*l
if n>1, and vy €Ny or vpg=o00 and i <d,_i, and ¥ (a’) =a! otherwise.
One can readily check, by using the bijection N~Ny:n+—>n—1 if vy €Ny
or Lemma 7.21 if vy =00, that Cokery ~C,,,. Moreover, (11, 7)) : ¢ — ¢
is a morphism in pair(M;(7T})) which induces an R-module morphism 7 :
Cop —> M.

In order to check that 7 is a monomorphism of My (7T;)-modules we first
prove that ¢ above is a monomorphism of pro-vector spaces if vy €Ny. In
this case Ker¢ is an inverse system of finite-dimensional vector spaces, in
particular it satisfies the Mittag—Leffler property. If we apply the left-exact

functor lim to the exact sequence of pro-vector spaces
Ker¢ < lim U¢ N v?

we get another one

lim Ker ¢ < lim lim U¢ — lim U/,

so lim Ker¢ =0 and hence Ker¢ =0 by [12], I1.6.2 Lemma 2, therefore ¢
is a monomorphism. In particular there exists N € N big enough such that
@n.m, 15 an injective homomorphism for every n > N. We set N=1 if vy =
o0o. Now it is easy to see that the injection v, :k(C,y1) — k(C,) given by
the restriction of v is the kernel of the next composite (n> N)

LKA e
¢(k(Bya)) "

Any morphism v:k(D), — C,,, is represented by a controlled homomor-
phism vy : k(D), — k(C),. Suppose that tv=0. This means that there exists
another controlled homomorphism 7 :k(D), — k(B)g with tovg = ¢n. By
the alternative characterization of controlled homomorphisms given in Sec-
tion 3.1 we see that there exists an increasing sequence of natural num-
bers {p,},>1 such that vy(k(D,, )) Ck(C,) and n(k(D,,)) Ck(B,,). Hence if
n> N then there exists a unique homomorphism o, : k(D,,) = k(C,41) such
that v,0, : k(D,,) — k(C,) is the restriction of vo. If o :k(,, D) — k(C)
is any homomorphism such that o’ coincides with the restriction of vy
to k(,, ,D) we define the controlled homomorphism o :k(D), — k(C) by
o(d)=0,(d) if d€,,,,_1D, (n>N) and o(d)=0'(d) if d € ,, , D. This con-
trolled homomorphism satisfies o = vy therefore v=0 and hence 7 is a
monomorphism.

k(Cy) = k(A,)
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Since 7 is @ monomorphism if we define N'=Cokert we get by Corol-
lary 7.17 that M ~C,,, @ N. Now one can check that Ay =puy=vy=0
by using that AN'=Coker[(¢, 1) :k(B)g ®k(C), — k(A)q]. |

LEMMA 7.22. If M is a f p. R-module with hpg = s =vs =0 then
M=0.

Proof. If M =Coker[p:k(B)s — k(A),] the conditions of the statement
are equivalent to ¢(k(B)) =k(A) and lim U¢ =0. In the proof of Lemma
7.19 we checked that U? satisfies the Mittag—Leffler property, hence U¢ =0
is a trivial pro-vector space by [12], I1.6.2 Lemma 2. This means that if
{m,},>1 1s an increasing sequence such that ¢(k(B,,)) Ck(A,) (see Section
3.1) then there exists another increasing sequence {p,},>1 such that the
next bonding homomorphisms

® _ k(Apn+1> _0> k<Apn> _ @

lel,mPlH—l B go(k<Bmp >) (p(k<BmPn >) N P

are trivial, that is, k(A ) Ce(k(B,, )). Hence we can define a controlled
homomorphism v : k(A), — k(B)g sending ae,, ,,_1 A, (n>1) to any ele-
ment b € B, such that ¢(b)=a, and if a €, A we take any ¥ (a)=b €
k(B) such that ¢(b) =a. This morphism satisfies ¢y =1 hence ¢ is an
epimorphism and M = Coker ¢ =0. O

n+1

8. Representations of the n-Subspace Quiver

In this section we recall well-known facts one the representation theory
of the n-subspace quiver. We also define and briefly study a new class
of n-subspaces which we call rigid. These results will play an important
role in our treatment of the representation theory of the algebras k(n), see
Sections 9 and 10.

The n-subspace quiver Q, is the following directed graph

Fixed any field k, a representation V. of Q, is a diagram of k-vector
spaces indexed by Q,, that is, n + 1 vector spaces Vjy, Vi,...,V, together
with homomorphisms V; — V, (1<i<n). Morphisms of representations
are commutative diagrams. The category rep, of representations of Q,
is an abelian category. It is equivalent to the category of kQ,-modules,
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where kQ, is the path algebra of Q,, whose dimension is dimkQ, =
2n 4+ 1. A representation is said to be finite-dimensional provided V; is a
finite-dimensional vector space for every 0<i <n. Finitely presented (or
equivalently finite-dimensional) kQ,-modules correspond to finite-dimen-
sional representations under the equivalence above and indecomposable
representations are finite-dimensional, hence by the classical Krull-Schmidt
theorem the monoid Iso(repfé‘l) of isomorphisms classes of finite-dimen-
sional representations of Q, is the free abelian monoid generated by the
(isomorphism classes of) indecomposable representations. The representa-
tion type of the quiver Q, is that of its path algebra.

An n-subspace V is a representation of @, such that the homo-
morphisms V; — V, are inclusions of subspaces V; C Vy (1<i<n). The
category sub, (resp. subﬂn) of (finite-dimensional) n-subspaces is a full
additive (small) subcategory of rep, (resp. repgjz). In fact direct summands
in rep, of n-subspaces are also n-subspaces, hence

PROPOSITION 8.1. Iso(subf;‘“) is the free abelian monoid generated by the
isomorphism classes of indecomposable n-subspaces.

Up to isomorphism there are just n indecomposable representations
of Q, which are not n-subspaces, namely those with V; = k for some
1<i<n and V;=0 if j#i, therefore, we have the following.

PROPOSITION 8.2. The representation type of subgn is the same as the rep-
resentation type of the n-subspace quiver.

We say that an n-subspace V is rigid provided V; C ) 20 Vi (I<i<n)
and Vo= V.. As above, the category sub’® (resp. sub™) of (finite-
dimensional) rigid n-subspaces is an additive (small) subcategory of sub,
(resp. subf“) and direct summands of rigid n-subspaces are also rigid, so
we get the following result.

PROPOSITION 8.3. Iso(sub,ff) is the free abelian monoid generated by the
isomorphism classes of indecomposable rigid n-subspaces.

There is an additive ‘rigidification’ functor
sub, — subflig Vi yVie

given by V' =Vin (X, V) (I<i<n) and Vg =377, V", which is
right-adjoint to the inclusion sub"® C sub, and preserves finite-dimensional
objects. The unit of this adjunction is the obvious natural inclusion
V"V, which is an equality if and only if V is already rigid.
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In order to determine indecomposable rigid n-subspaces we consider
the full inclusions of additive categories F' :sub; — sub, (1<i<n) send-
ing a l-subspace W to the n-subspace F'W ='W with ‘W, = Wy, W, =
W, and ‘W; =0 otherwise.

PROPOSITION 8.4. The natural inclusion V'8 C'V admits a (not natural)
retraction in sub,. More precisely, there exist I-subspaces Vid<i<n) and
an isomorphism V ~(@]_ F'V") @ V" such that the natural inclusion V"¢ C
V corresponds to the inclusion of the direct summand.

Proof. By using the definition of V" we see that there is a short exact
sequence of vector spaces

n

@ Vi o Vo N Vo
yie yre YLV

i=1 Vi

We define the 1-subspaces V' (1<i<n) as V) =(Vo/X [, V)& (Vl/Vlrig), 14
Vi/Vi® and Vi = V] = V;/V/® if 1<i<n. Now the isomorphism of the
statement follows from the previous exact sequence. |

By this proposition an indecomposable n-subspace is rigid unless it is
isomorphic to F'V for some indecomposable 1-subspace V and 1<i<n.
It is known that such V must be either kK — k or 0 — k, so there are just
2n indecomposable n-subspaces which are not rigid, and 3n indecompos-
able representations of Q, which are not rigid n-subspaces, in particular,
we have the following.

PROPOSITION 8.5. The category subir has the same representation type as
the n-subspace quiver.

Remark 8.6. The representation type of the n-subspace quiver is well-
known. It is finite for n <4, tame for n =4 and wild if n >4 (see [8,15]).

In [8] the finite sets of indecomposable representations of Q, are
described for n <4 hence discarding the 3n indecomposable representations
previously described which are not rigid n-subspaces we get the next result.

PROPOSITION 8.7. The following are complete lists of (representatives of
the isomorphism classes of) indecomposable rigid n-subspaces for n <4

® n=1, none,
e n=2, VD =(k—k «k),
® =3,
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veb = ]i A (i ,
k—k <0 k—k <k
LARES ]i N A Ii :
00—k <k k—k <k
kix+y)
LARES J

k(x) = kx,y) < k(y)

Remark 8.8. In [15] there is a (not finite) list of indecomposable repre-
sentations of Q4 . We do not include the list here because it is quite tedious
to describe, however the interested reader can easily find and remove the
12 indecomposable representations of Q4 which are not rigid 4-subspaces,
obtaining in this way a complete list of indecomposable rigid 4-subspaces .

9. Finitely Presented k(n)-Modules and Finite-dimensional n-Subspaces

Once we have solved in Section 7 the decomposition problem for f. p.
k(I)- modules in this section we relate the representation theory of k(n)
and the m-subspace quiver. This will somehow allow us to decompose
the representation problem for f. p. k(r)-modules into the problem for
finite-dimensional rigid n-subspaces and n times the problem for f. p. k(1)-
modules, (see Theorem 10.1).

Given an n-subspace V we define MV : My (7,)” — Ab as the additive
functor which sends an object k(A), to the vector subspace MV (k(A),) C
Homy (k(A), Vo) formed by the homomorphisms ¢ : k(A) — V; such that
there exists M >1 depending on ¢ satisfying ¢(A,) C Vi (1<i<n). This
construction defines an exact full inclusion of additive categories

M : sub,, = mod(M;(7},)). (9.a)

PROPOSITION 9.1. If V is a finite-dimensional n-subspace then the My(T,)-
module MV is finitely presented.

Proof. Let {wy,...,wg} be a basis of Vo, {wi,...,w};} a basis of
Vi (lgign)? and ¢;:V; — V, the inclusion. We define the sets D =
{mw’l,...,mw;i;1<i<n,m>l} and C =D u{wy,...,wy}, and the height

functions y:C — T and §: D — T? with y(w;) = vo (1<j<d) and
Y(mwh) = 8Gwh) = v, (1<i<n, 1<j<d;,m>1). Let p:k(D); — k(C),

be the controlled homomorphism defined as ,o(mw;) = W' — poqwl if
m>1 and ,o(le.) = lw} — qbi(wj.) otherwise, and p: k(C), - MV the
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M, (T,)-module morphism determined by the k-vector space homomor-
phism py : k(C) — Vy with po(w;)=w; and po(mwi.)zd)i(w;). Here we use
that Hom(k(C),, MV) =MV (k(C),) by Yoneda’s lemma. Now it is imme-
diate to check that MV = Coker p and p is the natural projection. O

One can check by using the finite presentation constructed in the proof
of Proposition 9.1 that follows.

COROLLARY 9.2. If 'V is a (finite-dimensional rigid n-subspace then
@, ([MV]) =0.

By Proposition 9.1 the additive functor in (9.a) restricts to a functor M :
subfn — fp(M,(T,)). Now we are going to construct a functor in the oppo-
site direction. For this if ¢ : k(B)g — k(A), is @ morphism in My (T,) we
define the k-vector spaces (1 <i<n)

L Mot {I0AL) + 0 UBDIN] 3 k(A + o k(B ]
a ¢ (k(B)) '

Here we use the notation introduced in Section 3.1. This notation will be
used along this section without any further mention.

PROPOSITION 9.3. The vector space Wf’ is finite-dimensional (1 <i <n).
This proposition is an immediate consequence of the following lemma.

LEMMA 9.4. For any m>1

(A )+ @ UBDIN | X k(AD) +(k(B))
o (k(B)

dim

<Ry.

Proof. One readily checks that

[k(A},) +@k(BDIN | D k(A],) +@(k(B))
J#i

N Y k(AL +ok(B)) | +@k(B)),
J#i
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therefore
(A, + @R BYIN[ 3, k(Ah) + 0 (k(B)) ]
o(k(B))
KAL) N[ X KAR) + o (k(B))]
K(AT) N (k(B))

~

(a)

Since ¢ is a controlled homomorphism there exists M >1 such that
@(B},) Ck(Al) (1<i<n), hence

D KAL) +ek(B) =) k(A])+@k(y—1B)) +oKk(Bj)). (b)
J# J#

The set ,_;B is finite, hence there exists N >0 big enough with
@(u_1B) Ck(yA). Let us check that the next homomorphism induced by
the inclusion yA! C A’ is an isomorphism

Ky Al 0[5 KA +o0(BD | KAL) N[ X kAR +¢((B) ]
. — . .
k{nAj,) Ne(k(B)) k(A},) Ne(k(B))

(©

The injectivity is obvious. Now by (b) an arbitrary element in the range
of (c) is represented by an element a; € k(Al) such that there are a; €
k(Anm) (j#10),a; €k(A;,)No(k(B)),bep(k(y-_1B)), and b; € p(k(Bj,)) such
that

> aj+b+bi=a;+a].
J#i

but a; +a, —b; €k(AL), (@’}Zlk(Aln))ﬂk(NA):@jzlk(NAln), and }°a;—
(a; +a; —bj)=bek(yA), therefore a;,a; +a; —b; ek(yA) (j#i), and a. —
bi € k(Al)Ng(B), so a;+a, —b; represents the same element as a; in the
range of (c), hence the homomorphism (c) is surjective. Now the proposi-
tion follows from the isomorphisms (a) and (c), and the finiteness of the
set yA . |

By Proposition 9.3 the vector space Wi =" | W/ together with the
subspaces W’ ..., W? define a finite dimensional n-subspace W¢ .

PROPOSITION 9.5. There is an additive functor S : fp(Mi(T,)) — subEn
which sends M =Coker ¢ to SM=W¥.

Proof. By using the alternative description of controlled homomor-
phisms in M;(7,) given in Section 3.1 one can easily check that the
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correspondence ¢+ W¥ is a functor from pair(M,(7,)) to the category of
n-subspaces. Furthermore, this functor factors through the natural equiva-
lence relation ~, therefore the proposition follows by Proposition 2.1. O

The functors S and M are not adjoint. Moreover, one readily checks
that the following proposition holds.

PROPOSITION 9.6. The n-subspace SM is rigid for every f. p. My(T,)-
module M. Moreover, given a finite-dimensional n-subspace V there is a
natural isomorphism SMYV >~ V"¢,

For the second statement of the proposition one uses the finite presen-
tations constructed in the proof of Proposition 9.1.

COROLLARY 9.7. The image of the functor S is the category of finite-
dimensional rigid n-subspaces.

COROLLARY 9.8. For every f p. Mi(T,)-module M there is a natural iso-
morphism SMSM ~SM.

As we pointed out in the introduction a key step to obtain a pre-
sentation of Iso(fp(M(T,))) is relating the decomposition problem in
fp(M(T,,)) to the decomposition problem in fp(M (7)) and subgn. This is
what we do in Propositions 9.9 and 9.10.

PROPOSITION 9.9. For any f p. My(T,)-module M there exists another
one N with SN =0 such that M >~N ®&MSM.

Proof. Suppose that M is the cokernel of ¢ : kK(B)g — k(A), In M, (T},).
By the alternative description of controlled homomorphisms given in
Section 3.1 we can choose an increasing sequence of natural numbers
{M,,}n > 1 With <p(Bj'Wm) Ck(A! ) (1<i<n). We define the inverse systems of
vector spaces X', Y!, Zi (1<i<n) indexed by N in the following way

yi = oK)
o(k(Bj, ))

’

. [k<A:’n>+¢<k<B>>]ﬂ[Z#ik(AL)ﬂo(k(B»]
" o(k(B}, )) ’

(AL + R (BDIN [,k (Ah) + o (k(B))]

AR
" @(k(B))
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The bonding homomorphisms are induced by the obvious inclusions of

vector spaces. The short exact sequences X! < Y,;ﬁ»Z,’;1 are compati-
ble with the bonding homomorphisms, so they give rise to short exact
sequences X! — Y.iﬁi»Zi in the abelian category of pro-vector spaces.
Moreover, lim Z{ =N, > 1Z,, =W/. Let ¢, : W — Z! be the canonical pro-
morphism, which is induced by the inclusions W/ C Z! . Here we regard W
as an inverse system indexed by a singleton.

The bonding homomorphisms of the inverse system X! are surjective,
therefore lim' X! =0, and by (5.b) Ext' (W, X1) =0, so there exists a pro-
morphism ; such that the next diagram commutes

ws

s

Xi——Y] > 7

The pro-morphism ; is represented by a sequence of homomorphisms
&l’” : W — Yi (m > 1) which are compatible with the bonding homomor-
phisms of ¥/, and such that the composition py™:W¢ C Z! is the inclu-
sion.

If {a,....a}} is a basis of W/ we can choose elements {,,aj, ..., na}}C
k(AlY(m > 1) such that ¥ (ai.) :ma§- +¢(k(Bj, )). In particular, since the
homomorphisms ¢ are compatible with the bonding homomorphisms of
Y!, we see that there are elements m+1b; €k(Bj, ) satisfying m+1aj. —maj. =
go(m+1bj.). Moreover, let {aj,...,aqs} be a basis of W/, 0 :k(A)/p(k(B)) —
k{A) a splitting of the natural projection, and elements 1b§. €k(B) such that
(1)) =14} —o (1a; +¢(k(B))).

If p is the finite presentation of MSM constructed in the proof of
Proposition 9.1, there is a morphism 7:p — ¢ in pair(Mi(7,)) given by
o(w;) =0 (a'), ro(mw§)=ma§, and 1 (mw;'.)zmbi.. This morphism induces a
M, (T,)-module morphism 7:MSM — M. Now we are going to construct
a retraction of .

By Lemma 9.4 Z! is always finite-dimensional and W/ =n, - Z.,
hence there exists N > 1 such that W/ =Z} for every 1 <i <n. Let V
be the n-subspace given by Vo =k(A)/¢(k(B)) and V; =[k(A})+¢(k(B))]/
@(k(B)). Clearly SM = V" c V, hence by Proposition 8.4 there is a retrac-
tion r: V — SM. By Yoneda’s lemma Hom(k(A),, MV)=MV (k(A),). The
natural projection k(A) — V, gives rise to a My (7},)-module morphism vy :
k{A)y — MV such that vop =0. Moreover, since M =Coker ¢ we have
Hom(M, MYV) = Ker Hom(g, MV), in particular vy determines a M(7,)-
module morphism v: M — MV. One readily checks that the composite
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(Mr)vgto coincides with the natural projection p:k(C), - MSM = Coker
o defined in the proof of Proposition 9.1, hence (Mir)vt =1 is the identity
on MSM, and (Mr)v is the desired retraction of . Now if we take N to be
the cokernel of 7 the proposition follows since M =N &MSM, by Corollary
9.8 SM=SN @SMSM ~SN &SM and hence SN =0. Here we use that the
monoid Iso(subgn) is free and hence cancelative, compare Section 8. O

In Proposition 9.10 we use the change of coefficients i associated to
the additive functors F' : M, (T}) — My (7,) in Remark 6.5.

PROPOSITION 9.10. Given a f. p. _Mk(fn)—module M, SM =0 is trivial
if and only if there exist f. p. My (T1)-modules M; (1 <i <n) with M~
FIM @ - @F'M,.

Proof. Tt is easy to see that SFL. =0(1 <i < n), and S is additive, so the
implication < follows. Now suppose that M = Coker [¢:k(B)g — k(A)4]
and SM =0. Since finite-dimensional vector spaces are artinian by Lemma

9.4 there exists m > 1 big enough such that for every 1 <i < n,
(AL + @ e(BY] N[5 k(AR) + 0 k(B ] .
@ (k(B)) 7

that is, the following equality holds (the isomorphism on the right always
holds)
Yo k(A;) + k(B ))_é k(A§,1)+<p(k(B))Né k(A},)
¢(k(B)) Pt p(k(B)) k(ALY N@(k(B))

This is equivalent to state that

[EBk(Afn)}ﬂfp(k )= EB W) Ne(k(B)]. (a)
i=1

By the characterization of controlled homomorphisms in Section 3.1
there exists M > 1 with ¢(B},) Ck(A!) (1 <i < n). Let K be the kernel of
the vector space homomorphism underlying to ¢, that is K =¢~'(0). There
is a finite set {by,...,bs} Ck(B) which projects to a basis of

K+ (@?=0k<BIiVI>) K
Disok(By)  KN(D_k(By))
since this vector space is contained in
k(B)
Do k(Bjy)

and j,_1B 1is finite.

’

~k(y-1B),
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There is also a finite set {aj, ..., a}} Ck(B) which projects to a basis of

¢~ (k(A},) N(k(B)))
k(Bi))+K

’

because ¢ induces an isomorphism

¢~ (k(A},) N(k(B)) _k(A},)Nek(B))
k(B +K ~ @(k(B}y))

and always

K(AL)N (ZMA:;») =0, (b)

J#i
s0 k(Ai)N [Zﬁzlw(kw;;))] —¢(k(B.,)), and hence

k(A},) Np(k(B)) k(A},) Np(k(B))

eUBYD k(a0 X e k(Bl) |
¢(k(B))
>l ¢(k(Bi))
By (b) we have that

~@(k(m-1B)).

¢~ (k(A},) No(k(B)))N {Zw‘(kmm wa«m»} =K,
J#i

therefore the set [I_Il’.’zl <B}'Mu{a§.}‘;": 1)] U {b;}_, is linearly independent in
k(B); moreover it is a basis of Y \_, @ L (k(AL YN (k(B))). In order to com-
plete it to a basis B of k(B) we only need to add a finite set {b},..., b} C
k(B) which projects to a basis of the following vector space

k(B)
Yo7 (KAL) N (k(B)))
Notice that this vector space is isomorphic to
¢(k(B)) c k(A)
Do k(AL Ne(k(B)) ~ Di_; k(AL)

and hence finite-dimensional. The inclusion (c¢) follows from (a). Let
{ay,...,a.} Ck{A) be a basis of

k(A)
@(k(B))+ (D]_ k(AL))’

2k(m—1A>a (C)
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By (¢) A= (|_|:'=1Afn) L {(p(bl/.)}lf’=1 U {a;}i_, is a basis of k(A). Let «:
A— T2 B:B—T° be the height functions defined as « and B over
I_I;‘ZlAfn and U!_, ij, respectively, and constant vy on the other elements.
The identities k(A) =k(A) and k(B)=k(B) induce controlled isomorphisms

$1:k(A)g ~k(A)g and ¢ :k(B)g>~k(B)g, so if we define w=¢1<p¢2_1 then
M=~ Cokeryr. But if we define the sets 'A= AL U{p®)), u{a)_,,'A=
Al (1<i<n),'B=Bjufal} U b, UL, B = Bj, U {@i)i, (1 <
i <n), and the height functions ‘o and ‘B as the restriction of ¢ and B
to ‘A and B, respectively (1 <i < n), then we observe that (1 <i < n)

‘a(A),'B(B) C{vo} U{v)lm=1CT,,

V(' B)Ck('A),
A=U]_/'A

EEX)

_on i
B=u_,'B.

Notice also that A=U/"_,'A and B=U"_,' B. Hence the proposition follows.
O

10. Classification of Finitely Presented k(n)-Modules

In this section we complete the proofs of Theorems 1.1 and 1.2 in the
introduction. For this, the crucial result is Theorem 10.1 where we compute
the monoid Iso(fp(k(n))) in terms of the free abelian monoid Iso(subgr).

THEOREM 10.1. The following monoid morphism is an isomorphism for
every n e N:

(@5, 150(8)) : Tso(tp(k(1))) > Noo.w [ [ Noo x | [ Neo x Iso(subf).

i=1 i=1

This theorem follows from the strongest results previously proven in this
paper. More precisely, the surjectivity of (®,, Iso(S)) is a consequence of
Propositions 6.6, 7.3, Corollaries 9.2, 9.7,and 9.8 and Proposition 9.10.
Furthermore, this morphism is injective by Theorem 10.2. In order to state
it we introduce the following notation. Given d € N, the k(n)-module A,
will denote FL A, provided d e Ny and @;csF.R if d =00 for some J#S C
{1,...,n}.

THEOREM 10.2. Any f. p. k(n)-module M decomposes in the following way

MA@ (@ F.B,,, ) ® (@ F;cv,-M) ®MSM.
i=1 i=l
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This theorem follows from Proposition 6.6, Theorem 7.2, Propositions
9.9 and 9.10, and the following lemma.

LEMMA 10.3. Given two f. p. k(I)-modules M and N there exists a k(n)-
module isomorphism FEM~TFIN (1 < i, j <n) if and only if one of the fol-
lowing conditions is satisfied:

® i=j and M>=N,

e M>~N=>A, for some meN,.

Proof. The implication = follows from Propositions 6.6 and 7.3 and
Corollary 7.4. On the other hand if M ~N\ then obviously FLM ~F/ N
Moreover, i A, ~F.A,, are isomorphic (m €Ny) because both modules are
isomorphic to a free T,-controlled k-vector space whose basis is a set with
m elements, compare Lemma 7.7. O

As a consequence of Proposition 8.5 and Theorem 10.1 we obtain the
next corollary.

COROLLARY 10.4. The algebra k(n) has the same representation type as
the n-subspace quiver.

Now Theorem 1.1 follows from Remarks 3.10 and 8.6 and Corollary
10.4.

We obtain from Propositions 6.6 and 7.3 and Theorems 10.1 and 10.2,
the following presentation of the monoid Iso(fp(k(n))).

COROLLARY 10.5. (Classification of f. p. k(m)-modules). Let {V™7};c,
be the set of indecomposable rigid n-subspaces. There is a solution to the
decomposition problem in the category of f p. k(n)-modules given by the
following 1 + 5n + card J, elementary modules (1 <i <n,jel,)

FIA, F.R, F.B, F Boo, FLC, F.Cog, MV "),
and 6n elementary isomorphisms (1 <i < n)

FIAGF R~F R, FROFR~F R,  FBOF By=F B,
F Bo®F Bo=F By, FCOFCo=F Con TFCo®F Coo=F Cy.

This classification theorem together with Proposition 8.7 and Remark
8.8 complete the proof of Theorem 1.2.
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Appendix A. Some Computations of Ext}c(n) Groups

The aim of this appendix is to provide some tools and techniques to com-
pute the Ext,lc(n) group of any pair of f. p. k(n)-modules. This group is in
fact a k-vector space, so it is determined by its dimension. Higher Ext;,
groups vanish over f. p. k(n)-modules by Corollary 7.16. Since the functor
Ext,i(n) is biadditive we just have to compute it over pairs of elementary f.
p. k(n)-modules (see Corollay 10.5). We shall not make all these computa-
tions here for an arbitrary n, but just for n=1, k(1) =RCFM(k). In addition
we show for any n €N that the Ext}c(n) of pairs of f. p. k(n)-modules com-
ing from finite-dimensional n-subspaces via the functor M in (9.a) coincide
with their Ext}(Qn as modules over the path algebra. This last vector space
is much easier to compute, since one can use the integral bilinear form of
the quiver Q, (see [17]).

Let R be the k-algebra RCFM(k) as in Section 7. Given two elementary
R-modules R/YR (Y #0) and R/ZR (see Theorem 7.1), one can check by
using Lemma 7.9 and basic homological algebra that there is an isomor-
phism of k-vector spaces

R

ExtL(R/YR,R/ZR)~ ——— .
Xtr (R/YR,R/ZLR) YL ZR

(A.a)

This formula also holds for Z = 0, moreover, in this case it is a left-R
-module isomorphism.

LEMMA A.1. We have the following identities

(1) AR={ReR;r9;=0 for all jeNy},

(2) I=AR={ReR; }_;y,rij=0 for all jeNo},

(3) I-=AYR={ReR; given any i €Ny, )_, . 1,;=0 for almost all jeNy},
4 1 -BYR={ReR; given meNy and i <m, ), ., Fynon ;= 0 for
almost all j e Np}.

Proof. One can check that the right-hand-side sets of the statement
are ideals, hence in order to establish the inclusions C it is enough to
prove that the matrix defining each left-hand-side ideal belongs to the
corresponding right-hand-side set. This can be checked by a tedious but
straightforward computation. Suppose now that R is a matrix in the
right-hand-side set of (1), (2), (3), or (4), then one can check that the
matrix C',C?,C* or C* defined as ¢, =0,¢},, ;=r;,c}; =2, .G}, =

.o 4 SO .
Zn >1i rﬂ] (lv J€ NO)’ Cl.+m(lr;+l),j = Zn >m ri-‘ri"(";l),j (l’ J € NO’ m = l)5 belongs to

R and satisfies AC' =R, (I— A)C?=R,(I—-A)C*=R or (I-B)C*=R,
provided we are in case (1), (2), (3) or (4). Hence we are done. |
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By using Lemma A.l and the involution of the k-vector space R given
by transposition of matrices, one readily checks that the following lemma.

LEMMA A.2. We have the following equalities:

1) RA-A)= {RER; given any jeNo, >, - i Tin=0 for almost all i GN()},
Q) RU—A) = {RER; Y sen, Ty =0 for all ieNo},

3) R(I—B) = {RGR; given meNy and j<m. Y, .t ;e =0 for

almost all i ENO}.

PROPOSITION A.3. We have that

(1) dimExtk (B, R) = (card k)™,
(2) dim Extk (C, R) = (card k)™,
(3) dim Ext}, (B, R) = (card k)™,
(4) dim Ext}, (Coo, R) = (card k)™,
(5) dim Extl, (B, A)=0,

(6) dimExtkL(C, A) =1,

(7) dim Ext}, (Bs, A) =0,

(8) dim Extl (Coo, A) =Ry,

Proof. One can check by using (A.2) (1), (A.1) (1) and (A.2) (2), and
(A.1) (1) and (A.2) (3), that there are k-vector space isomorphisms

. k
. :“'ENok, RiRA-A- (Y| + P
(_ ) ®i€NO jeNy ieN ieNy
R
R REMRU-AY4AR o
RU—A)LAR +HRA=-AD+ )H%) 0;
R
e k, R+ (R(I-B)+AR . ,
R(I_Bt)+AR j@ +( ( )+ )'_) (;{ro,j-{—(;l))
0 n=zJ JjeNg

hence (1), (6) and (8) follow from (A.a).

For any pair of elementary f. p. R-modules the inequality dim Ext%zg
(card k)™ follows from (A.a) and Proposition 3.8. Now (2) is a conse-
quence of (1) and Proposition 7.10 (1). Moreover (3) follows from (1) and
the fact that B is a direct summand of B, see Theorem 7.1, and (4) is a
consequence of (3) and Proposition 7.10 (2).

Given any matrix ReR, if R!, R?€ R are the matrices defined by r} i=
roj rizj =r;; (i>0), and r:'j =0 otherwise, then R=R!' + R%,R'e R(—-B)
and R>€ AR, by (A.1) (1) and (A.2) (3), hence R=R(I—B)+AR and (7)
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follows by (A.a). Moreover, since B is a direct summand of B, by Theo-
rem 7.1 then (5) also follows. O

By Theorem 7.1, Corollaries 7.12 and 7.17 the Ext%Z group of any other
pair of elementary f. p. R-modules is zero, hence the first extension groups
are now completely determined for f. p. R-modules.

PROPOSITION A.4. For any pair of finite-dimensional n-subspaces there is
a natural isomorphism

Extyg, (V. W) = Exty,, (MV, MW).

proof. Projective representations of Q, are (arbitrary) direct sums of the
following n+ 1 indecomposable n-subspaces,

F'(0— k), F (k— k), (1<i<n).

Since M is an exact full inclusion of categories and any finite-dimen-
sional representation of Q, admits a length-one projective resolution by
finite-dimensional projective representations it is enough to check that

(1) Exty, (MF'(0— k), MF'(0— k)) =0

) Ext,i(n)(MFl(Oek),MIE“'(k—>k))=O (1<i<n),
(3) Exty,, MF' (k— k), MF'(0— k) =0 (1 <i <n),
(4) Exty,, (MF (k— k), MF/ (k> k))=0 (1 <i,j <n).

The resolution constructed in the proof of Proposition 9.1 shows that
MF!(0 — k) is a projective k(n)-module isomorphic to a 1-dimensional 7,,-
controlled k-vector space, hence (1) and (2) hold. Moreover, one can easily
check (3) and (4) by using the definition of M in (9.a) and the resolutions
of M/ (k—k)=0 (1 <i < n) in the proof of Proposition 9.1. O
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